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The occurrence of shocks in the confined three-dimensional turbulent mixing layer at convective 
Mach number 1.2 is established by means of direct numerical simulations. The shocks are generated 
by the turbulent motions in the flow. Consequently, they can have different shapes and orientations, 
while they persist for a relatively short time. Furthermore, they are created by different types of 
turbulent vortices. The shocks do not strongly contribute to the turbulent dissipation. Even at the 
time when the largest shocks occur, the fraction of the turbulent dissipation due to the shocks is less 
than 10%. Q 1995 American Institute of Physics. 

In recent years, increased research effort has been di- 
rected toward the compressible turbulent mixing layer.’ Nu- 
merical simulations of the two-dimensional compressible 
mixing layer have shown that shocks appear when the con- 
vective Mach number M, is higher than 0.7. However, in 
simulations of the three-dimensional mixing layer, shocks 
have not been observed up to M,= 1.05,’ and whether they 
occur in three-dimensional flows at higher convective Mach 
numbers is still an open question.’ In this paper we report the 
occurrence of shocks in a direct numerical simulation (DNS) 
of a highly three-dimensional confined mixing layer at 
M,= 1.2. 

The flow is investigated within a temporal framework in 
the domain [OJ,] X [-&LLz,iLL2] X [O,L,]. Periodic bound- 
ary conditions are imposed in the streamwise (x1) and the 
spanwise direction (x3), whereas the normal direction (x2) is 
bounded by free-slip walls. The equations are nondimension- 
alized with a reference length, which is half the initial vor- 
ticity thickness, and a reference density, velocity, tempera- 
ture, and viscosity that equal the initial upper stream values. 
The Reynolds number based on these reference values equals 
100. In the nondimensional description, the initial mean pro- 
file for the streamwise velocity is given by u1 =tanh x2, 
whereas the initial pressure is uniform and the Busemann- 
Crocco law prescribes the temperature. Initially, a pair of 
equal and oblique disturbances is superimposed on the mean 
profiles.‘9 We use L,=39.9, &=59, and 5=22.1, where L, 
and .& correspond to wavelengths of the most unstable ob- 
lique mode from linear stability analysis. 

The Navier-Stokes equations are solved with a com- 
bined numerical discretization employed, using fourth-order 
accurate central differences in the absence of shocks4 and the 
third-order accurate WSCL-scheme in the presence of 
shocks.5 The flow is simulated on a uniform grid until 
t=240. From t=O-80 it contains 240X385X144 points, 
whereas from t = 80 the simulation is performed on a grid 
with 320 X 5 13 X 192 points. A fourth-order accurate interpo- 
lation method is used to transfer the field at t = 8 0 to the finer 
grid. The accuracy in the linear regime has been checked by 
comparisons with linear stability theory. Furthermore, addi- 
tional calculations on coarser and finer grids established the 
accuracy of the results presented in this paper. The demand 
for computer resources could substantially be reduced by ex- 

ploiting the symmetries in the flow. Symmetries in the initial 
conditions are known to persist in time even after mixing 
transition,3 and we have verified this for the coarser grid 
simulations. 

In the flow a transition to small scales is observed. At 
t= 80 the growth of the initial perturbation has saturated, 
nonlinear effects have set in and a A-vortex structure has 
developed. When time proceeds, additional vortices are 
formed away from the central layer. These vortices break 
down into smaller vortices, and thus the flow undergoes a 
transition to small-scale turbulence, similar to the flow at a 
convective Mach number of 0.8.3 During this process the 
momentum thickness rapidly grows and is approximately lin- 
ear in time. At several times shock waves are observed. 

The Reynolds number (100) used in the simulation 
should not be much lower for shocks to occur. In a simula- 
tion with a lower Reynolds number (50) the mixing transi- 
tion did not occur, and no shocks were formed either. Thus, 
the occurrence of shock waves in the three-dimensional mix- 
ing layer appears to require a mixing transition to small 
scales. The flow is well resolved, since the falloff in the 
two-dimensional energy spectrum was about 12 orders of 
magnitude at most times throughout the simulation. Only at 
times when shocks were present a falloff of eight orders of 
magnitude was observed. Although these observations con- 
firm that the resolution is sufficient, the calculations should 
not be performed on much coarser grids. For example, the 
shocks at t= 182 and from t= 200 were not observed in a 
calculation performed on a 160X256X96 grid. 

The Row contains shock waves in three distinct periods: 
t=121-123, t=181-183, and t=199-225. Since a 
shock corresponds to a large pressure difference in the direc- 
tion perpendicular to the shock, it can be detected by exam- 
ining the flow field at times where at least one of the com- 
ponents of Vp shows a high peak. Furthermore, since shocks 
lead to a strong compression of the fluid, the dilatation V-u 
attains large negative values within a shock. 

First, we investigate the shocks in the first period (t 
= 12 1 - 123) and determine their origin. Maximum values 
of the pressure gradient occur in the center plane x2= 0. 
Figure l(a) shows contour lines of the pressure in this plane 
at t= 122, and four shocks are observed. Since there are two 
symmetries in the center plane, it is sufficient to consider the 
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PIG. 1. Contours of the pressure at t= 122 in the plane x2= 0 with p<pI. 
(solid) and p>p.. (dashed) with contour increment 0.025 (a): Velocity vec- 
tors at t = 122 in the plane x3 -5.5 (b) and in the plane xs = 0 (c). In order 
to reduce the density of the arrows, an arrow is plotted for only one in four 
grid points in each direction. 

shock at the point (10.0,0.0,6.0). Because the shock contains 
strong gradients in xs , we say that its orientation is in the x3 
direction. If the fluid passes through a shock, the pressure 
jumps from a low to a high value. In general, low-pressure 
regions correspond to the cores of vortices, whereas high- 
pressure regions are associated with stagnation points. The 
velocity vectors in Fig. l(b) display a spanwise vortex in the 
plane xa = 5.5, which is in front of the shock. Figure I(c) 
shows the velocity vectors in the plane x2= 0. The axis of 
the vortex is at x r = 10.0. The spanwise vortex in front of 
the shock accelerates fluid along its axis in the x3 direction. 
The acceleration is so strong that the velocity attains super- 
sonic values and, hence, a shock is formed through which the 
fluid passes in order to reach the stagnation point. Therefore, 
this shock is created by a sucking vortex that accelerates the 
fluid along its axis. 

Next, we verify the shock jump relations that have been 
derived for stationary inviscid flow. The flow is nonstation- 
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PIG. 2. Pressure at t= 182 in the plane x,=0 with pctp, (solid) and 
p>pm (dashed) with the contour increment is 0.025 (a). Velocity vectors at 
t= 182 in the plane x2= 1.6 (b). 

at-y, but the speed of the shock is negligibly small during the 
period in which the shock exists. The simulation data for this 
shock yields an upstream Mach number M, = 1.40 and the 
ratios pzlp i = 2.10 and pz/pl = 1.67, where the subscripts 1 
and 2 refer to the up- and downstream values, respectively. 
The standard tables for normal shock waves give 2.12 and 
1.69 for the pressure and density ratios corresponding to 
M, = 1.40. In viscous flow shocks have a finite thickness 
and in our case the shock thickness is approximately 0.35, 
equal to three times the grid size. 

The orientation, shape, and related vortex structure of 
the shocks at t = 182 is different from t= 122. Figure 2(a) 
shows the pressure in the plane xs = 0, which contains the 
maximum pressure gradient at this time. The two shocks in 
this plane are symmetric and a similar pattern is found in the 
plane x3 = 11.05. From the structures considered, the shock 
at this time is most similar to the recent experimental visu- 
alization of a shock in a mixing layer.6 In order to study the 
flow structure around (18.5, 1.6, 0.0) in more detail, we turn 
to the velocity vector plot in the plane x2 = 1.6 [Fig. 2(b)]. 
Two counter-rotating vortices are observed. Not surprisingly, 
the velocity attains relatively high values in the region be- 
tween these two vortices, and becomes supersonic. A shock 
wave occurs, since the velocity of the fluid has to be reduced 
in order to reach the stagnation point farther downstream. 
The mechanism that creates shocks is not unique; at t = 122 
the supersonic flow along the axis of a vortex creates a 
shock, whereas at t = 18 2 the supersonic flow between a pair 
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PIG. 3. Pressure at t=200 in the plane x,=3.9 with p<pm (solid) and 
p>p- (dashed), where the contour increment is 0.025 (a). Surface V.u 
=-0.5, showing the three-dimensional shape of the shocks at t= 200 in the 
part of the domain given by 2.5<x,<17.5, -14.8<~,<14.8 and 
-7.5<x,<7.5 (b). 

of counter-rotating vortices gives rise to a shock. 
Considerably larger shocks appear at t =200. Figure 

3(a) shows the pressure in the plane with maximum pressure 
gradient, xs = 3.9. The region enclosed by the pair of shocks 
is a high-pressure region and contains a stagnation point. In 
this case the shocks fill a relatively large part of the domain, 
and it is difficult to identify separate vortex structures that 
create the shocks. Figure 3(b) shows two large shock blades 
with a horseshoe shape, centered around (lO,O,O). The same 
structure appears at another location, centered around 
[30,0,11.05). The shocks at t= 122 and t= 182 persist only 
for a relatively short time. However, from t=200 the flow 
contains shocks for a much longer time, until t= 225. Dur- 
ing this period the structure shown in Fig. 3(b) changes and 
breaks down into several parts, while new shocks appear 
with stronger gradients in the spanwise direction. 

Finally, we consider the effect of shocks on the turbulent 
dissipation rate in the Reynolds-averaged approach. The tur- 
bulent dissipation rate is defined as E = Vij a.u~l~Xj, where 
cTij is the viscous stress tensor and the overbar and double 
prime denote the Reynolds average and Favre fluctuations, 
respectively. Sarkar et aL7 and Zeman’ separate the turbulent 
dissipation rate E in a solenoidal part es = ,ULW~O~, where 

FIG. 4. Profiles of the turbulent dissipation rate e (solid), eX (dotted), and Q 
(dashed) at t=200. 

01 denotes the fluctuating vorticity vector, and a dilatational 
part Ed = $(V .u”)~, which is a pure compressibility ef- 
fect. For convenience of notation, we assume the viscosity ,u 
to be constant. The decomposition E= E, + ed is only valid in 
homogeneous turbulence, whereas in flows with one inho- 
mogeneous direction (x2), 

,- dx2=,- &x2+1 eddx2. 

Figure 4 shows the profiles of E, E, , and Ed at t=200, when 
the largest shocks occur. The dilatational fraction of the dis- 
sipation is less than 10% at this time and even smaller at all 
other times. When shocks are absent, the fraction is even less 
than 1%. As a conclusion, the dilatational dissipation is in- 
creased by shocks, but it remains small compared to the total 
turbulent dissipation rate. 
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