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Abstract

Direct numerical simulations of a lean premixed turbulent Bunsen flame with hydrogen
addition have been performed. We show results for a case with equivalence ratio 0.7 and
a molar fractional distribution of 40% H2 and 60% CH4. The flamelet generated mani-
fold technique is used to reduce the chemistry; flamelets with different equivalence ratio
and inflow temperature are used to account for stretch effects induced by preferential
diffusion. The three-dimensional simulation clearly shows enhanced burning velocity in
regions convex toward the reactants and reduced burning velocity with possible extinc-
tion in regions concave toward the reactants. To obtain these effects it was found to be
necessary to include two three-dimensional transport equations with essentially different
diffusivities. This point is illustrated by comparison of the results with cases in which
either a single transport equations was used or two transport equations with minor dif-
ferences in diffusivities were used. These latter cases incorporated preferential diffusion
in the 1D flamelets, but not in 3D. Thus the 3D preferential diffusion effects are shown to
enhance curvature and thereby to increase the turbulent burning velocity and reduce the
mean flame height. In addition the turbulent burning velocity increases because hydro-
gen addition leads to a larger laminar flamelet consumption speed. To demonstrate this
second effect, results of the cases mentioned above are compared to results of simulations
of the Bunsen flame simulations with 0% hydrogen added to the fuel.
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1 Introduction

Turbulent methane-air flames are probably the most extensively studied turbulent flames.
Hydrogengen-air turbulent combustion has also received considerable attention [1, 2, 3, 4,
5]. For turbulent flames with hydrogen added to methane the literature is more limited;
we mention the experimental studies reported in Refs. [6, 7, 8, 9] and the two-dimensional
DNS (with a chemical mechanism reduced to 19 species and 15 reactions) by Hawkes &
Chen [10]. The topic of hydrogen addition has become important recently, in particular
because of the need to increase the knowledge about the effects of biomass addition to
regular fuels. Hydrogengen addition in laminar flames has been studied more than in
turbulent flames; it is well-known that the addition of hydrogen increases the laminar
burning velocity of a one-dimensional lean premixed methane-air flame considerably [11,
12, 13, 14, 15, 16].

In this paper we consider the effect of adding hydrogen to a premixed turbulent
methane-air flame, by means of three-dimensional direct numerical simulation. The flame
is a turbulent Bunsen flame where the lean fuel, which contains both methane and hy-
drogen, is ejected through a small rectangular slot. The flow configuration is similar to
experiments performed for methane fuel by Filatyev et al. [17] and simulations by Bell
et al. [18] and Sankaran et al. [19]. The size of the flame is somewhat smaller in our
case, to enable well-resolved Direct Numerical Simulation (DNS) with moderate compu-
tational effort. Both flame thickness and turbulence are resolved down to the Kolmogorov
length-scale.

To resolve all relevant scales with acceptable computational effort, we introduce a
suitable flamelet parametrization of the chemistry, such that only few scalar trans-
port equations are needed to carry the chemistry in 3D. The flamelet method utilizes
a parametrization of the local flame chemistry based on one-dimensional laminar flames
[20]. Since flamelets are one-dimensional, they can be solved using detailed chemistry
reaction mechanisms. For methane, we performed DNS of Bunsen flames with flamelet
chemistry before [21, 22].

The flamelet method in the present paper is an extension of earlier premixed flamelet
methods, for example the so-called flamelet generated manifold technique (FGM), which
is basically a mapping of the entire premixed chemistry upon the progress variable
[23, 24, 25]. The flamelets in a flamelet method are usually computed with a detailed
chemistry reaction scheme, which in our case is GRI 3.0, which involves 53 transport
equations and more than 300 chemical reactions [26]. An extension of standard flamelet
methods is needed when we consider hydrogen addition to the methane, within the set-
ting of lean combustion (equivalence ratio φ = 0.7). Since the Lewis number of hydrogen
is low, preferential diffusion becomes important when hydrogen is added. Preferential
diffusion causes so-called thermo-diffusive instabilities [27]. Because of the large diffusion
of hydrogen a relative large amount of fuel is transported to regions that are convex
toward the unburnt mixture. This implies a local increase of the equivalence ratio and
thus a local increase of the burning velocity in these regions.

In this work we will focus on the case where the contribution of hydrogen to the sum
of methane and hydrogen in the fuel equals 40% (molar percentage). We will distinguish
between two sets of simulations. Set I corresponds to a Bunsen flame with slot width
8mm. The effect of preferential diffusion in this case will be addressed by comparing
results of two flamelet simulations: simulation A40, in which preferential diffusion was
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included in the 3D transport equations, and simulation B40, in which preferential diffu-
sion was discarded in the 3D transport equations. To contrast the results with results
for 0% hydrogen addition, simulations for smaller slot width (4mm) had to be performed
(simulation set II). Into these simulations various choices for the control variables that
span the manifold were included, and we will show the resulting differences with 0% H2

and investigate the influence of the weight factor of the mass fraction H2 in the progress
variable.

The structure of the paper is as follows. We will present the flamelet method and
the governing equations in section 2. In section 3 we will continue with the description
of the problem, by specifying the Bunsen flow configuration and the numerics. Also the
set of simulations for the larger slot width will be defined there. Results of that set will
be shown in section 4. In section 5 we will define the simulations for the smaller slot
width and show the corresponding results. Finally, the conclusions will be summarized
in section 5.

2 Governing equations

In order to perform well-resolved DNS with moderate computational effort, the flamelet-
generated manifold (FGM) method is applied [24]. In this approach, laminar flamelets
are computed with a detailed reaction model and the solutions are stored in a lookup
table. The most elementary version is a 1D FGM, which is constructed from a single
premixed flamelet and can be parameterized by a single control variable. Since the
enthalpy and the mass fractions of the elements are conserved in such a flamelet, a 1D
FGM cannot account for changes in these variables, which arise due to the combined
effect of preferential diffusion and stretch [29]. In [30] it was shown how these effects can
be included in the FGM approach for methane-air flames. In principle, for each quantity
that is conserved by chemical reactions but changes due to stretch effects (i.e. enthalpy
and element mass fractions), an additional dimension has to be added to the manifold.
This means that the 1D manifold should be extended to a Ne + 1 dimensional manifold,
with Ne the number of elements. Because this is unwanted from a computational point
of view, the number of dimensions is reduced by assuming a relation between the changes
in enthalpy and element mass fractions. In [30] a linear relation between the changes in
these variables was derived for weakly stretched flames. It was shown that a 2D FGM
could be constructed using this relation and that the effect of preferential diffusion and
stretch on the mass burning rate could be predicted by this manifold.

A more convenient way to generate a 2D manifold is to compute flamelets for a range
of equivalence ratios φ. In [3, 25], this approach is used to construct a 2D manifold
for stretched hydrogen-air flames. This approach is however less accurate because it
wrongfully assumes that the changes in elements and enthalpy corresponds to a change
in φ only. Recently, it has been shown in [31] that the equivalence ratio by itself is
not enough, but that the combined effect of equivalence ratio and temperature can de-
scribe the main effects of stretch and preferential diffusion on the mass burning rate of
methane-hydrogen-air flames. Therefore, a 2D manifold is constructed here by changing
the equivalence ratio φ and the temperature T0 of the unburnt mixture simultaneously.
The ratio between the changes ∆φ/∆T0 is determined from the changes in enthalpy ∆h
and element mass fractions ∆Zj in a stretched flame. Since the derivatives ∂Zj/∂φ,
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Figure 1: Normalized mass burning rate m/m0 as function of strain rate a for ψ = 0 (•)
and ψ = 0.4 (�). Comparison between FGM (lines) and detailed simulation (symbols) of
one-dimensional stretched laminar premixed counterflow flames.
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in a least squares fashion. For the H2 fuel fraction ψ = 0.4 with equivalence ratio φ = 0.7,
this results in ∆φ/∆T0 = 0.6×10−3 K−1. Based upon this ratio, flamelets were computed
between T0 = 250 K (φ = 0.67) and T0 = 400 K (φ = 0.76) with ∆T0 = 2 K. Diffusion
was governed by constant Lewis numbers Lei. For example, the Lewis numbers of the
two species CH4 and H2 (labeled as species 1 and 2 respectively) were Le1 = 0.99 and
Le2 = 0.30.

The 2D FGM has been validated against detailed simulations of one-dimensional
stretched counterflow flames. In Fig. 1 the normalized mass burning rate of these flames is
shown as function of strain rate a. The results for the 0% hydrogen case are also included.
The figure shows that the mass burning rate of stretched flames is indeed predicted quite
satisfactorily by a manifold based upon variations of T0 and φ as described above.

Next we continue with a description of the manifold for ψ = 0.4. Since the variations of
T0 and φ are coupled, the flamelets form a two-dimensional space. Therefore the manifold
should be parameterized by two control variables, for which we select a progress variable
c and the temperature T . The progress variable should vary monotonically with respect
to the spatial flamelet coordinate and represent the burning of both species in the fuel
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Figure 2: Manifold A40 (a) with contours of source term ωc [kg/(m3s)]. The thick solid
curve corresponds to the basic flamelet (φ = 0.70, T0 = 300K). The lower thin solid
curve represents the outer flamelet φ = 0.67 (T0 = 250K), and the upper thin solid
curve the outer flamelet φ = 0.76 (T0 = 400K). The scatter plot (b) shows actual (c, T )
combinations that were accessed by simulation A40a (defined later on).

(CH4 and H2). These conditions are satisfied when the progress variable c is defined by:

c = 1 −
Y

Ymax

, (2)

where

Y =
Y1

M1

+
Y2

M2

, (3)

and Ymax is based on the maximum value of Y for the basic flamelet (T0 = 300 K). The
symbols Yi and Mi denote mass fraction and molar weight of species i, respectively.

The resulting manifold is shown in Fig. 2, including a contour plot of the chemical
source term of the progress variable,

ωc = −(
ω1

M1

+
ω2

M2

)/Ymax, (4)

where ωi equals the source-term of species i evaluated from the flamelets. The c and
T directions were discretized with 200 uniform intervals each. The basic flamelet (thick
curve), and the outer flamelets φ = 0.67 (lowest thin curve) and φ = 0.76 (highest thin
curve) are also shown. Between the thin curves the manifold was obtained from linear
interpolation between flamelets, while outside these curves suitable extrapolation was
used. Above the curve φ = 0.76 constant extrapolation in vertical direction was used;
this region was seldom used by the simulations in this paper. However, the region below
the curve φ = 0.67 was accessed more frequently (see the scatter points drawn in Fig.
2). Therefore a more sophisticated extrapolation was used in that region, resulting in
a natural extension of the manifold below the curve φ = 0.67 (see Fig. 2). However,
we found that details of the extrapolation were not important (see section 4): constant
extrapolation in the vertical direction provided the same statistical numbers for turbulent
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burning velocity and mean flame height (within 1%). We also verified that representation
of the lower region by additional flamelets instead of extrapolation did not alter the results
either.

Next we specify the equations that were solved in 3D:

∂ρ

∂t
+
∂ρuj

∂xj

= 0, (5)

∂ρui

∂t
+
∂ρuiuj

∂xj

= −
∂p

∂xi

+ 2
∂µSij

∂xj

, (6)

∂ρcPT

∂t
+
∂ρcPujT

∂xj

=
∂

∂xj

(

ρcPD
∂T

∂xj

)

+ ζ + ωT , (7)

∂ρc

∂t
+
∂ρujc

∂xj

=
∂

∂xj

[ ρD

Ymax

( 1

M1Le1

∂Y1

∂xj

+
1

M2Le2

∂Y2

∂xj

)]

+ ωc, (8)

∂ρY3

∂t
+
∂ρujY3

∂xj

=
∂

∂xj

( ρD

Le3

∂Y3

∂xj

)

+ ω3, (9)

where the summation convention over repeated indices is used, while ρ, u, p, T represent
density, velocity vector, pressure, temperature, while

µ = 1.72 · 10−5(T/298 K)0.521 kg/(ms), (10)

ρD = 2.71 · 10−5(T/298 K)0.673 kg/(ms), (11)

Sij = 1

2

(∂ui

∂xj

+
∂uj

∂xi

−
2

3

∂uk

∂xk

δij

)

, (12)

are viscosity, diffusivity [32], and strain-rate respectively. The equation for c results from
the summation of the equations for Y1 and Y2 and the definitions of c and ωc.

A number of quantities were read from the flamelet database. All these quantities
depended on the variables c and T . The quantities read from the database were: density
ρ, fuel species Y1 and Y2, source-term ωc in the progress variable equation, cP , ζ , heat-
release term ωT in the temperature equation, and source-term ω3 in the equation for the
mass fraction of NO (Y3). The latter transport equation is passive. Since the increase of
the mass fraction of NO is a relatively slow process, an additional transport equation is
able to provide much more accurate results than direct evaluation of the mass fraction
of NO from the manifold [33]. The quantity ζ contains the gradients of all species,

ζ =
∑

i

ρcP,iD

Lei

∂Yi

∂xk

∂T

∂xk

. (13)

This quantity was evaluated in one-dimension for each flamelet and then stored in the
table.

The progress variable equation (8) incorporates effects of the low Lewis number of H2

by the nontrivial expression for diffusion. The diffusion term is not standard since the
three dimensional gradients inside are not proportional to the gradient of c only. Since Y1

and Y2 are functions of c and T , differentiation shows that, mathematically, the diffusion
flux is proportional to a linear combination of the gradient of c and the gradient of T .
An alternative expression of the diffusion term in the equation for c will be introduced
in section 4.
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Case h grid variation
[mm]

A40 0.1 160 × 256 × 320
A40a 0.1 160 × 256 × 320 constant extrapolation
A40b 0.1 160 × 256 × 320 101 flamelets
A40c 0.2 160 × 256 × 320 ζ omitted

B40 0.1 160 × 256 × 384

Table 1: Overview of simulations of turbulent Bunsen flame with slot width 8mm. The
first symbols in the name of the case denotes the manifold that is used. The term ζ is
included and the sophisticated manifold extrapolation based upon 76 flamelets is applied
unless indicated otherwise.

By solving the equation for T simultaneously with the equation for c (that reflects
effects of the low Lewis number of H2), three-dimensional dynamic effects of preferential
diffusion were incorporated. The corresponding two-dimensional manifold for 40% H2

was labeled manifold A40. To investigate the effect of preferential diffusion this manifold
was simplified to a one-dimensional manifold B40, represented by the basic flamelet only
(thick curve in Fig. 2). For simulations with manifold B40, the temperature equation
was switched off. Instead the temperature T became a function of c only; it was stored
into and read from the database.

3 Flame configuration, numerics and definition of

simulation set I

The planar Bunsen flame simulated was composed of a central jet with maximum mean
velocity of u0 = 3m/s, through a slot with width 8mm. The inflow temperature of the
jet was 300K, and the inflow composition of the jet is a lean methane-air mixture mixed
with hydrogen. The reactant jet was surrounded by a hot co-flow of 7m/s. The molar
fraction of hydrogen (ψ) equalled 0.4. Since the molar weight of H2 is very low, the inlet
mass flux and the input of chemical energy were hardly changed compared to ψ = 0. The
equivalence ratio of the fuel equalled 0.7. The numerical method has been extensively
described and tested in Refs. [21, 22]. Basically second-order accurate finite differences
were used, and a Poisson equation was solved to obtain the pressure.

An overview of the simulations performed is shown in Table 1. The grid size was
0.1mm in each case; cells were cubical and uniform. Momentum and Poisson equation
were integrated at each basic time-step (1.6 · 10−6s), but the T , c and NO equations were
integrated at two substeps for the simulations listed in table 1. Substeps were introduced
to handle the stability restriction imposed by the diffusion term of c more efficiently;
without substeps a smaller basic time-step would have been necessary. With the present
choices overshoots of c remained below 1.0003. The boundary conditions were inflow
and outflow in the streamwise direction (z), outflow in the normal direction (y), and
periodicity in spanwise direction (x).

The mean inflow was prescribed by the basic flamelet profiles in physical space for
the temperature and progress variable, where T = 1504K was positioned at y = ±4mm.
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Figure 3: Contours of instantaneous fields in the vertical plane x1 = 0mm, for simulation
A40 with 2D manifold: mass fraction of CH4 (a), mass fraction of H2 (b), and mass
fraction of NO (c).

This implied that, in the inflow plane, the progress variable level c = 0.5 occurred at
y = ±3.8mm. The corresponding locations of the maximum source term of the progress
variable were at y = ±4.0mm. The thermal thickness of the basic flamelet (based on
maximum temperature gradient) was approximately 0.53mm. As mean inflow, velocity
tangent hyperbolic functions with the maximum shear regions located at y = ±4mm
were used for uz (thickness 0.384mm, based upon maximum velocity gradient), while
the means of the other velocity components were zero. Perturbations were added to
the three inflow velocity components, mimicking grid turbulence at the inflow with an
intensity of 0.65m/s, Kolmogorov length of 0.1mm and Reλ ≈ 50. The inflow turbulence
was restricted to |y| ≤ 4mm. For details about the procedure that generated the inflow
turbulence we refer to Refs. [21, 22].

4 Results of simulation set I

In this section we discuss three types of results: snapshots of important chemical species
for case A40, a comparison between A40 and B40 to show the effect of preferential
diffusion on the turbulent flame, and finally mean statistical numbers for all simulations
performed for the slot width of 8mm.

Figure 3 gives an impression of the shape of the flame in a two-dimensional plane
at certain time. The mass fractions of CH4, H2 and NO are shown. The first two
species form the basis for the progress variable, and thus the flame front is represented
by the thin region where these quantities vary. Compared to CH4, the variation of H2

is clearly smoother, which is caused by the low Lewis number and therefore relatively
large molecular diffusion of H2. Important variations of NO occur at the burnt side of
the flame front, illustrating the relatively slow process of NO formation. The maximum
value of NO is small (only 1.2·10−5), because the combustion is lean.
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Figure 4: Contours of instantaneous (t = 0.014s) ωc in the vertical plane x1 = 0mm, for
case A40 with 2D manifold (a) and B40 with 1D manifold (b).
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Case ztip [mm] sT [m/s] sT/sL0

A40 11.9 0.912 3.35
A40a 11.9 0.911 3.34
A40b 11.9 0.910 3.33
A40c 11.4 0.952 3.50

B40 15.9 0.698 2.56

Table 2: Overview of turbulent burning velocities sT and locations of mean flame tip
ztip for the simulations with slot width 8mm. The laminar burning velocity sL0 equals
0.2724m/s for 40% H2. See the previous table for descriptions of the different cases.

The effect of preferential diffusion is illustrated in Figs. 4-5. Each figure shows
snapshots of the source term of the progress variable for the two simulations A40 and
B40 in the same two-dimensional plane, Fig. 4 corresponding to t = 0.0014s and Fig. 5
to a slightly later time (t = 0.0148s). The difference between the two cases is remarkable.
First, the maximum value of ωc is twice as large when the two-dimensional manifold is
used. Indeed the scatter plot shown in Fig. 2 confirms that regions with higher ωc are
accessed by simulation A40. This does not occur in case B40, since the one-dimensional
manifold only allows (c, T ) combinations that lie on the thick curve in Fig. 2. Fig.
4a shows that relatively high values of ωc occur in regions convex toward the unburnt
mixture, and relatively low values of ωc (almost extinction) in regions concave toward
the unburnt mixture. Thus the burning velocity of the convex parts is relatively large,
while the burning velocity of the concave parts is relatively low. As a consequence the
curvature becomes stronger, which would not happen if the burning velocity in convex
and concave parts were the same (as in case B40). Therefore compared to B40, case
A40 shows stronger spikes ejecting from the fuel and larger holes digged into the fuel.
Simulations A40 and B40 show separate regions of unburnt fuel blown off by the tip of
the flame (Figs. 4b and Fig. 5ab). Compared to case B40, the maximum height of the
blown-off regions is much lower in case A40, and in case A40 it takes less time for such
regions to burn completely.

The increase/decrease of burning velocity in convex/concave regions toward the un-
burnt mixture, which causes the relatively strong curvature in A40, is precisely what
we would expect from the mechanism of preferential diffusion. Zeldovich (see Ref. [27])
argued that heat conduction smoothes out the curvature of the flame front, because
concave parts give out more heat, thus lowering the burning velocity, and convex parts
receive more heat, thus increasing the burning velocity. Diffusion of fuel has the opposite
effect, provided the fuel is lean; diffusion of fuel enhances the curvature, because convex
parts receive more fuel (φ and thus burning velocity increases when the fuel is lean) and
concave parts lose more fuel (φ decreases). If the Lewis number of the fuel is smaller
than one, the effect of diffusion of fuel is dominant over the effect of conduction of heat:
the burning velocity is expected to increase in convex and decrease in concave regions.

Because of the stronger curvature we expect that the average height of the turbulent
flame is reduced by preferential diffusion. This is indeed the case when we compare the
locations of the mean flame tip for cases A40 and B40 (Table 2). It is obvious that
compared to B40, the average height of A40 is much smaller, and as a consequence the
turbulent burning velocity of A40 is significantly higher. The height of a jet flame is

11



y [m]

z
[m

]

-0.005 0 0.005

0.005

0.01

0.015

0.02

0.025

0.03
2000
1800
1600
1400
1200
1000
800
600
400
200

time=0.014800seconds

(a)
y [m]

z
[m

]

-0.005 0 0.005

0.005

0.01

0.015

0.02

0.025

0.03

2000
1800
1600
1400
1200
1000
800
600
400
200

time=0.014800seconds

(b)

Figure 5: Contours of instantaneous (t = 0.0148s) ωc in the vertical plane x1 = 0mm, for
case A40 with 2D manifold (a) and B40 with 1D manifold (b).
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important in applications, such as gas-turbines, where addition of hydrogen to the fuel
is a practical issue. If the flame shortens because of preferential diffusion, safety rules
regarding the location of the flame tip, necessary to prevent flash-back of the flame into
the burner, may be jeopardized.

The average flame tip ztip represents the time average of the function z̃tip(t), which is
defined as the minimum value of z for which the spanwise average of c at the centerline
equals 0.5 at given time t. A turbulent burning velocity can be defined by [19]

sT =
u0L

√

L2 + z2

tip

, (14)

where L = 3.8mm denotes the positive y-location at the inflow plane where c = 0.5. The
basic flamelet burning velocity sL0 equals 0.2724m/s for 40% H2 (φ = 0.7).

Average flame tips and turbulent burning velocities have been summarized in Table
2. The most notable features, decrease of ztip and increase of sT when comparing case
A40 to B40, were discussed above. Other effects quantified in the table are the effect of
extrapolation beyond the outer flamelets and the role of the term ζ in the temperature
equation. As indicated in section 2, two quite different procedures to extrapolate the
manifold beyond the outer flamelets were applied. It turns out that the shape of the
manifold outside the outer flamelets has negligible influence on the mean flame tip and
turbulent burning velocity (compare A40 with A40a and A40b; another type of extrap-
olation was used in A40a, while in A40b the lower part of the manifold was extended
down to T0 = 200K, by adding 25 extra flamelets). Finally, the complicated term ζ ,
which roughly equals −0.1ωT , does influence the results. When this term is omitted
from the temperature equation, ztip decreases and sT increases (compare A40c to A40).
This is consistent with the fact that the manifold function ζ(c, T ) is negative for most
combinations (c, T ).

5 Definition and results of simulation set II

In this section simulations with a smaller slot width are considered: 4 instead of 8mm.
More specifically the T=1504K value at the inflow plane was located at y = ±2mm. The
basic flamelet imposed at the inlet prescribed the value L where the progress variable
under consideration equals 0.5. The slot width was reduced to enable simulations with
lower turbulent burning velocities (tall flames, relative to the slot width). Thus the
streamwise extent of the domain relative to the slot width could be increased when
necessary. The inflow mean velocity, turbulent intensity and Kolmogorov scale just away
from the inflow were approximately the same as in the previous section, while the length-
scale and time scale of the inflow perturbation were halved, like the slot width.

Lower turbulent burning velocities are expected if we reduce the amount of hydrogen
in the fuel, to 0% for example. It is interesting to compare such a case to the 40%
hydrogen case to assess the effect of hydrogen addition on length and turbulent burning
velocity of the flame. For 0% hydrogen the laminar burning velocity is smaller and
preferential effects are less important, two reasons to expect a lower turbulent burning
velocity.

For 0% hydrogen in the fuel, the stretch has a different effect upon the flame (∆φ/∆T0 =
−1.1 × 10−3 K−1), which leads to crossing flamelets when the flamelets are drawn in a
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plane with temperature on one of the axes. Therefore another second control variable had
to be selected, for which the mass fraction of O2 was chosen. Since the progress variable
has to be monotonic, it is not possible to include hydrogen into the progress variable for
the 0% hydrogen case. To represent the later stages of the reaction well for 0% hydrogen,
a progress variable based upon the mass fraction of CH4 solely is not very suitable, since
that mass fraction does not cover the later stages of the reaction appropriately. Therefore
it was decided to include the mass fraction of CO2, which covers also the later stages of
the reaction into the progress variable.

The simulations presented in this section are listed in Table 3. The first simulation,
A40sT used the approach presented in the previous section (but here for the smaller
slot width): progress variable based upon CH4 and H2, and second control variable T .
However, the simulations denoted with ’sO’ used the mass fraction of O2 (Y4) as second
control variable instead of the temperature. Thus the temperature equation was omitted,
T was obtained from the manifold, while we added the scalar equation for Y4. The latter
equation reads

∂ρY4

∂t
+
∂ρujY4

∂xj

=
∂

∂xj

( ρD

Le4

∂Y4

∂xj

)

+ ω4, (15)

where Le4 = 1.108, while ω4, the source term for the mass fraction of O2, was obtained
from the database.

Several manifolds co-spanned by O2 were constructed, all using a progress variable c
defined by

c =
Y − Yu

Yb − Yu

, (16)

Y =
α5Y5

M5

−
Y1

M1

−
α2Y2

M2

, (17)

where Y5, Y1 and Y2 denote the mass fraction of CO2 (with Lewis number Le5 = 1.367),
CH4 and H2 respectively. In addition, subscripts b and u denote burnt and unburnt side
of the flamelet, Mi represents the molar mass corresponding to Yi, while the coefficients
α5 and α2 have been specified in Table 3. We used α5 = 1, for all the manifolds co-
spanned by O2, but the value of α2 was varied to investigate the influence of H2 in the
progress variable. The three last computations listed in Table 3, were performed with
only one transport equation (for c). The manifold for each of these three cases reduced
to the corresponding basic flamelet.

The diffusion flux in the equation of c, where c is defined by equation (16) is formally
given by:

∂

∂xj

[ ρD

Yb − Yu

( α5

M5Le5

∂Y5

∂xj

−
1

M1Le1

∂Y1

∂xj

−
α2

M2Le2

∂Y2

∂xj

)]

. (18)

In the previous section we evaluated Y1 and Y2 in the analogous term from the mani-
fold and subsequently performed the three-dimensional differentations. Unfortunately,
this approach introduced numerical instabilities when a third mass fraction (CO2) was
included. Therefore we adopted an alternative method, which relies upon the plausible
assumption that the variation of species in manifold space is mainly directed along the
flamelet curves. Thus expression (18) can be approximated by

∂

∂xj

[ ρD

Lec

∂c

∂xj

]

, (19)
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Case 2nd control H2 in fuel α2 α5 grid h [1mm] time step
variable [10−6s]

A40sT T 40% 1 0 80 × 128 × 160 0.1 1.6
A40sO O2 40% 1 1 80 × 128 × 320 0.1 1.6
A40sOa O2 40% 0 1 80 × 128 × 320 0.1 1.6
A40sOb O2 40% 0.5 1 80 × 128 × 320 0.1 1.6
A40sOc O2 40% 2 1 80 × 128 × 160 0.1 0.8
A40sOd O2 40% ∞ 0 80 × 128 × 160 0.1 0.8
A00sO O2 0% 0 1 80 × 128 × 320 0.1 1.6

B40sT - 40% 1 0 80 × 128 × 320 0.1 1.6
B40sO - 40% 1 1 80 × 128 × 320 0.1 1.6
B00sO - 0% 0 1 80 × 128 × 320 0.1 1.6

C40sOa O2 40% 1 1 40 × 64 × 80 0.2 3.2
C40sOb O2 40% 1 1 80 × 128 × 160 0.1 1.6
C40sOc O2 40% 1 1 160 × 256 × 320 0.05 0.4

Table 3: Overview of simulations of turbulent Bunsen flame with slot width 4mm. The
time step was determined by the diffusive stability restriction for c; no substeps for the
scalar equations were used, except in cases A40sT and B40sT. Cases starting with ’B’ used
a single flamelet (T0 = 300K), while the other simulations were based on 101 flamelets
(200K≤ T0 ≤400K).

where the temporally and spatially varying Lewis number Lec is defined by

1

Lec

=
α5

M5Le5

∂Y5

∂s
− 1

M1Le1

∂Y1

∂s
− α2

M2Le2

∂Y2

∂s

(Yb − Yu)
∂c
∂s

. (20)

Here s is the spatial coordinate of the one-dimensional local flamelet; it can also be
interpreted as the coordinate in the manifold space along the direction of the local flamelet
in manifold space. Thus Lec is a function of c and Y4 only. It was precomputed and stored
into the database, from which it was retrieved during the three-dimensional simulations,
which applied expression (19).

Results for these simulations have been summarized in Table 4 (’sT’ or ’sO’ denote
the second scalar, T or O2 respectively). It appeared that the change of manifold (O2

instead of T , adding CO2 to progress variable) influenced the results to some extent;
the turbulent burning velocities of A40sT and A40sO differed with about 11%. This
discrepancy is further discussed below, together with additional simulations performed
to exclude some possible causes.

Compared to the ’sT’ run, the ’sO’ run used a different treatment for the diffusion
of c. However, this can not explain the differences; rerunning ’sT’ with the Lec altered
the result less than 0.1%. Further, the discretization of the manifold space was found
to be sufficiently accurate (200×200 for ’sT’ and 500×500 for ’sO’, errors were less than
0.5%; we repeated ’sT’ for a manifold discretization of 500×500, and ’sO’ with a manifold
discretization of 1000×1000). For the ’sT’ method the temporal resolution was verified
by halving the time-step without substeps for the scalar equation, which reduced the
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turbulent burning velocity with less than 1%. In addition the temporal and spatial reso-
lution was verified by performing simulations on three different grids. These simulations
are denoted by ’C’ in table 3-4 and were performed at slightly higher inflow turbulence
intensity (0.73m/s instead of 0.6m/s). Grid refinement with a factor of 2 in each spatial
direction (and a time step reduction of a factor 4) showed a 0.7% increase of the turbulent
burning velocity, while grid coarsening with a factor of 2 in each direction showed a 7%
reduction. According to these numbers the convergence was second order at least. Thus
we may deduce from these numbers that the numerical error on a mesh size of h = 0.1mm
(compared to the solution on an infinitely fine mesh) was less than 1%. To explain this,
we denote the unknown turbulent burning velocity as function of gridspacing with sT (h),
and we assume a leading order convergence behavior of sT (h) = sT (0) + chq where c
and q are constants. Since we know the values sT (h), sT (2h) and sT (4h) (h = 0.1mm),
we have three equations and three unknowns, such that we are able to compute sT (0);
thus an error estimate smaller than 1% is obtained. The computational demand of grid
refinement is too high to do it for all cases. Nevertheless, it is quite probable that the
numerical errors were also less than 1% for the cases that used different manifolds, but
the same grid.

Therefore, the difference between results of ’sT’ and ’sO’ should most likely be ex-
plained from the fact that the control variables of the manifold were not the same in
both cases. Since, the change of control variable slightly altered the value of L, we
should compare the values of the turbulent burning velocity, rather than the values for
ztip. Then it appears that for the single flamelet approach the choice for the progress
variable hardly influences the result (compare the turbulent burning velocities of cases
B40sT and B40sO). However, for two control variables the choice of control variables
clearly matters. Another pair of control variables implies another pair of effective Lewis
numbers in the 3D transport equations. Thus the choice of control variables influences
the 3D preferential instability mechanism in the model and thereby the turbulent burning
velocity.

Table 4 clearly shows that the presence of H2 in the progress variable is essential
to capture the effect of the preferential diffusion. This is also shown by the scatter
plots in Fig. 6, where the first two plots correspond to cases A40sO (with H2 in c) and
A40sOa (no H2 in c), respectively. Because of the presence of H2, the Lewis number
Lec is considerably smaller than 1 in the first case, allowing the preferential diffusion
mechanism to act in three dimensions. The scatter plot for the other progress variable
shows a striking difference: since the Lewis number Lec is much larger, the scatter points
almost coincide with the basic flamelet. The turbulent burning velocity predicted by
the simulation A40sOa, which used the two-dimensional manifold without hydrogen in c,
was as high as the one obtained with the single flamelet (B40sO). These two simulations
underpredicted the turbulent burning velocity with about 20%, compared to simulation
A40sO.

Whereas it is essential to include H2 into the progress variable, comparison between
the cases with different α2 indicate that the precise weight of H2 in the progress variable
is less important (see A40sO, A40sOb, A40sOc and A40sOd). Provided α2 is nonzero, the
variation of turbulent burning velocity obtained for different values of α2 was relatively
small. Similar results were obtained even for α2 = ∞, which required more computational
cost due to the increased stiffness caused by the α2 = ∞ progress variable, which consisted
entirely out of the species H2.
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Figure 6: Scatter plots drawn on top of the manifolds for cases A40sO (a), A40sOa (b)
and for A00sO (c). The gray shading denotes the contours of source term ωc [kg/(m3s)].
The thick solid curve corresponds to the basic flamelet (φ = 0.70, T0 = 300K). The upper
thin solid curve represents the outer flamelet T0 = 200K and the lower thin solid curve
the outer flamelet T0 = 400K. The scatter plots show actual (c, Y4) combinations that
were accessed by the corresponding simulations.
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Case L [mm] ztip [mm] sT [m/s] sT/sL0

A40sT 1.770 7.72 0.670 2.46
A40sO 1.855 7.21 0.748 2.75
A40sOa 1.880 10.32 0.539 1.98
A40sOb 1.868 7.64 0.714 2.62
A40sOc 1.838 7.29 0.734 2.70
A40sOd 1.695 7.74 0.639 2.35
A00sO 1.851 13.00 0.423 2.19

B40sT 1.770 10.11 0.517 1.90
B40sO 1.855 10.66 0.515 1.89
B00sO 1.851 13.02 0.423 2.19

C40a 1.855 7.183 0.7515 2.76
C40b 1.855 6.645 0.8094 2.97
C40c 1.855 6.550 0.8137 2.99

Table 4: Overview of turbulent burning velocities sT and locations of mean flame tip
ztip for the simulations with slot width 4mm. The laminar burning velocity sL0 equals
0.2724m/s for 40% H2 and 0.1929m/s for 0% H2. See the previous table for descriptions
of the different cases.

Figure 6c shows the scatter plot for the 0% hydrogen case (A00sO), whose scatter
points were very near to the basic flamelet (like in case A40sOa). This means that a
single flamelet is sufficient to perform a simulation for 0% hydrogen; for 0% hydrogen
and present turbulent activity it is apparently not necessary to include stretch effects in
the flamelet generated manifold. Indeed the simulation with a single flamelet (B00sO)
produced results quite similar to those of the simulation with the two-dimensional man-
ifold (A00sO). Compared to 0% hydrogen, the turbulent burning velocity in case of 40%
hydrogen was approximately 80% higher, provided 3D preferential diffusion was incor-
porated (the turbulent burning velocity of A40sO divided by the one of A00sO gives
1.8). When 3D preferential diffusion was omitted, we found an increase of 30% only
(the turbulent burning velocity of A40sOa divided by the one of A00sO gives 1.3). The
latter increase is somewhat less than the ratio of laminar burning velocities (equal to 1.4)
suggests.

6 Conclusions

Direct numerical simulations of a lean premixed turbulent Bunsen flame with hydrogen
addition were performed for two slot widths, 8mm in simulation set I, and 4 mm in
set II. We focussed on a premixed fuel with equivalence ratio 0.7 and a molar fractional
distribution of 40% H2 and 60% CH4. The flamelet generated manifold technique was used
to reduce the chemistry; flamelets with different equivalence ratio and inflow temperature
were used to account for stretch effects induced by preferential diffusion. Three transport
equations were solved in three dimensions, one for the progress variable, another for the
temperature (set I) or oxygen (set II), and a third equation for NO, which was a passive
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transport equation. The progress variable was based upon the molar fractions of CH4

and H2 in case of set I, and a third species (CO2) was added for the simulations in set II.
Appropriate nontrivial expressions were used for the diffusion of the progress variable.
To validate the accuracy of the numerical discretization schemes, grid refinement was
performed for one representative case in set II.

The simulation clearly showed an enhanced reaction rate in regions convex toward the
reactants and reduced reaction rate in regions convex toward the products. Extinction
occurred occasionally in the latter regions. The effect of preferential diffusion was quan-
tified by comparison with a simulation in which a standard flamelet technique, based on
a single variable, was used. Thus the standard technique did not incorporate preferen-
tial diffusion effects in the three-dimensional tranports equations, although the flamelet
was obviously calculated using the appropriate Lewis numbers in one dimension. The
comparison showed that inclusion of a second independent variable into the manifold was
quite important, otherwise effects of preferential diffusion were not captured in the flame.
Effects of preferential diffusion were shown to enhance curvature, and thereby to increase
the turbulent burning velocity and reduce the mean flame height considerably.

Additional simulations in set I were included to address several issues, for example
the validation of choices of extrapolation outside flamelet bounds. Also a simulation
was performed to investigate the influence of the term that contains the species fluxes in
the temperature equation. The term was found to be responsible for a reduction of the
turbulent burning velocity of about 5%.

Simulation set II was included to investigate the role of the precise definition of the
progress variable and to quantify the differences with 0% hydrogen addition. Since for
these variations a larger ratio of flame height to slot width was expected, the slot width
was reduced in set II to limit the computational costs. These simulations showed that
it is mandatory to include hydrogen into the progress variable to capture the three-
dimensional preferential diffusion mechanism, but that the precise value of the weight
factor of H2 is less important. Compared to 0% hydrogen, the case of 40% hydrogen
increased the burning velocity with approximately 80%. When 3D preferential diffusion
was ignored an increase of only 30%, primarily due to the increase of laminar burning
velocity, was found.
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