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Abstract
The commonly used Eulerian or continuum model for incompressible multiphase flow is
known to be unstable to perturbations for all wavenumbers, even if viscosity terms are
used in the momentum equations. In the present work the model is stabilized by adding
explicit artificial diffusion to the mass equations. The artificial diffusion terms lead to
improved stability properties: uniform flow becomes linearly stable for large wavenumbers, and above an analytically derived threshold for the artificial diffusivity, stability
for all wavenumbers is achieved. The artificial diffusivity reappears in the momentum
equations, in such a way that fundamental properties of the standard equations remain
valid: Galilean invariance is maintained, total mass and momentum are conserved, decay
of total kinetic energy is ensured in the absence of external forces, and a flow initially
at rest at hydrostatic pressure remains unchanged, even if the spatial distribution of
volume fractions is nonuniform. A staggered finite volume pressure correction method
using central differencing (leading to energy conserving discretization of convective and
pressure terms) is presented. Application of the method to one-dimensional two-phase
flow of falling particles particles confirms that the equations are stable with and unstable
without artificial diffusion in the volume fraction equation.
Keywords: multiphase flow, multicomponent flow, stability, artificial diffusion,
staggered pressure correction methods
1. Introduction
In the modeling of multiphase flows in the chemical industry the so-called Eulerian
model plays an important role [1, 6, 9, 13, 16, 32]. In multiphase flow terminology the
word Eulerian is not opposed to viscous but to Lagrangian; it means that the model
is a continuum model with different velocities assigned to each phase. The Eulerian
model can be distinguished from models that describe the flow in more detail, such as
the Euler-Lagrange model (which includes a Lagrangian tracking of all particles in the
flow [32]), and immersed boundary methods (which resolve the interfacial surface [27]).
The detailed models are important from a fundamental point of view, but most industrial
flows cannot yet be simulated by these models, because of the prohibitive computational
costs. Therefore the Eulerian model is expected to remain important for quite some time.
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To perform a robust multiphase simulation with the standard Eulerian model is usually not straightforward. Even if the multiphase flow is expected to be statistically stationary, Reynolds averaged Eulerian models frequently require to be run in the transient
mode, for convergence reasons. Also dependency of results on the grid can be a problem
[19, 12]. These practical problems are likely to be related to the longstanding issue of
the linear instability of the basic Eulerian model to perturbations for all wavenumbers.
Although the inclusion of viscous terms in the momentum equations in the incompressible case helps, it is not a real solution; it diminishes the unstable growth rates, but does
not kill them, not even at infinitely large wavenumber [2, 26, 34]. This also means that
the Reynolds averaged equations equipped with a closure model with turbulent eddyviscosities do not have a stable steady state. As a consequence the equations cannot be
used to predict the statistically stationary state of the multiphase flow by means of a
steady-state computation, although such a state in many cases seems to be physically
well-defined.
The emerging instabilities may be interpreted as Kelvin-Helmholtz instabilities [29,
15]. However, physical Kelvin-Helmholtz instabilities vanish above a critical wavenumber. For example, the critical wavenumber of Kelvin Helmholtz instabilities of an inviscid single-phase free shear layer (two adjacent infinite streams of different velocity)
is reversely proportional to the finite thickness of the shear layer [22], and the critical
wavenumber reduces for increasing viscosity. But if such a flow is modelled with the onedimensional two-phase Eulerian model with equal densities of the phases, an infinitely
large critical wavenumber is predicted. The underlying assumption of the standard Eulerian model seems to be that a velocity difference between the phases induces infinitely
thin free shear layers.
To stabilize the Eulerian model, a number of extensions have been proposed in literature:
1. Inclusion of surface tension through a third order derivative of the volume fraction
in the momentum leads to stability at large wavenumbers [29].
2. Inclusion of added mass stabilizes the equations, but only if the volume fraction
of the dispersed phase is very small or the added mass coefficient is unrealistically
large [7, 18].
3. Inclusion of the gradient of the volume fraction into the momentum equations can
also stabilize the equations, but only if the coefficient in front of this term exceeds
a certain threshold. The presence of the volume gradient term in the momentum equations can be physically justified by Brownian motion [28], interparticle
collisions [32], interfacial pressure differences [24], or turbulent dispersion forces
[14, 23, 20, 8]. However, when these effects are small the threshold is not reached
and instability still prevails for all wavenumbers.
4. Inclusion of compressibility in combination with (turbulent) viscosity in one or both
momentum equations leads to stability at large wavenumbers [2].
5. In compressible cases, the use of multiple pressures (and an extra equation for
one of the volume fractions with a right-hand side proportional to the pressure
difference between the phases) [3, 4, 25] stabilizes large wavenumber perturbations.
In the case of incompressible flow this option is equivalent to adding a bulk viscosity
in the momentum equations [34]. Therefore this approach does not stabilize the
incompressible equations.
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Unfortunately, none of the physical extensions effects in the list above is able to
stabilize the multiphase flow equations in basic conditions, i.e. in cases where the particle
force is well described by algebraic drag and where surface tension, interparticle collisions,
and compressibility are unimportant. Furthermore, laminar or turbulent viscosity terms
in the momentum equations are unable to stabilize the equations, no matter how large
the viscosities are. However, in numerical simulations some mechanism to regularize
instabilities at infinitely short wavelength should be present, otherwise these simulations
simply blow up.
For this reason upwind methods, which introduce implicit diffusion, are widely used to
discretize the volume fraction equations. But nevertheless, the precise effect of numerical
diffusion in the volume fraction equations on stability of the standard Eulerian model is
still unknown. Instead of implicit numerical diffusion, one may could also add explicit
artificial diffusion terms in the volume fraction equations [12] (see also Refs. [10, 14]).
The addition of explicit artificial smoothing terms, including artificial diffusion in the
mass equation, is a well-known technique to capture shocks in single-phase compressible
flow (see e.g. Ref. [17]). In fact there is no fundamental difference between the use
of implicit or explicit artificial diffusion. Recently, Holmas et al. [12] investigated a
particular 1D two-phase model and showed that with explicit artificial diffusion in the
volume fraction equation the model was stable for large wavenumbers. However, that
particular model differed from the standard 1D two-phase model in the sense that it
contained only two partial differential equations instead of four, and that the state vector
contained only two variables (volume fraction and liquid velocity) instead of four (volume
fraction, pressure and two velocities). Furthermore, there is no analytical expression for
stability at all wavenumbers in Ref. [12].
The purpose of the present work is to investigate the influence of addition of explicit
artificial diffusion (second order derivatives of the volume fraction in the mass conservation equations) on the stability of the standard Eulerian multiphase model. Compared to
the implicit diffusion introduced by upwind methods, explicit artificial diffusion has the
advantage that its control is relatively simple; a modification of the amount of diffusion
is straightforward.
The contents of the present paper is as follows. The equations supplemented with
artificial diffusion are presented in section 2. The construction of the diffusion terms
is such that a number of desirable fundamental properties of the original equations are
maintained. In section 3, it is proven that the additional diffusion causes linear stability
of uniform two-phase flow for perturbations at large wavenumber. Furthermore, a lower
bound for the diffusivity is derived, above which the steady state solution is stable to
perturbations of all wavenumbers. Numerical examples for one dimensional flow of falling
particles will be presented in section 4, to illustrate the stable behavior caused by the
artificial diffusion terms. Conclusions can be found in section 5.
2. Equations with artificial diffusion
The basic Eulerian model for incompressible flow of N phases or components has the
following form [1, 6, 9, 13, 16]:
∂t (ρn αn ) = −∂j (ρn αn unj ),
∂j (ρn αn un ) = −∂j (ρn αn uniunj ) − αn ∂i p + ρn αn gi
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(1)

+∂j (2αn ρn νn Sij ) + γnm αn αm (umi − uni ),
N
X

αn = 1.

(2)
(3)

n=1

The equations above are imposed on each phase n (where the phase index n attains the
integer values from 1 to N). The volume fraction of phase n is denoted by αn , while uni
is the velocity component of phase n in the i-direction, gi the gravity acceleration in
the i-direction, νn is the sum of molecular and turbulent viscosity of phase n, and Snij
the i, j component of the rate of strain tensor viscous stress tensor of phase n, Snij =
1
(∂ u + ∂i unj − 32 δij ∂l unl ). Since incompressible flow is considered, the material density
2 j ni
of each phase (ρn ) is constant. The Einstein summation convention over repeated indices
in products is applied to indices j and m, but not to indices i and n, unless mentioned
otherwise. The symbols ∂t and ∂j denote the differentiations ∂/∂t and ∂/∂xj , where t
is time and xj the spatial coordinate in direction j. In addition γnm is the dimensional
drag coefficient [kg/m3 s] for the drag between phases n and m: γnm = γmn ≥ 0 and
γnn = 0. The multiplication of the drag correlation in the momentum equations with
αn αm instead of αm , is not uncommon in engineering sciences, see e.g. Refs. [30, 31], and
is convenient for the linear stability analysis in the next section. For two-phase flow with
a dilute second phase α2 is small, and α1 α2 γ12 and α2 γ12 are approximately the same.
For two phases the equations above have been implemented in a number of commercial flow packages widely used in industry (see the documentation of the packages). The
continuity equations do not contain physical diffusion terms, but the numerical implementation of these equations always require diffusion, and even then instabilities are hard
to control. The numerical diffusion is usually implicitly provided, by upwind schemes. In
this work we add explicit diffusion terms to the equations, since we wish to investigate
the effect of numerical diffusion using analytical tools, and we wish to be able to control
the magnitude of numerical diffusion in a direct way.
After the inclusion of artificial diffusion terms, the Eulerian equations for multiphase
flow read:
∂t (ρn αn ) = −∂j (ρn αn unj ) + ∂j (ρn ηn ∂j αn ),
∂t (ρn αn uni) = −∂j (ρn αn uni unj ) − αn ∂i p + ρn αn gi
+∂j (2ρn αn νn Snij ) + ∂j (uniρn ηn ∂j αn ) + γnm αn αm (umi − uni ),
N
X
αn = 1.

(4)
(5)
(6)

n=1

The variable ηn denotes the artificial diffusivity of phase n and appears in the volume
fraction and momentum equations. It is stressed that the terms with ηn do not have
a physical meaning but only serve a numerical purpose. Since the terms with ηn are
second-order derivatives, their damping effect on large scales is much weaker than on
small scales.
With the definition of modified velocities,
wnj = unj − ηn ∂j αn ,

(7)

the system expressed by Eqs. (4-6) is equivalent to
∂t (ρn αn ) = −∂j (ρn αn wnj ),
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(8)

∂t (ρn αn uni) = −∂j (ρn αn uni wnj ) − αn ∂i p + ρn αn gi
+∂j (2ρn αn νn Snij ) + γnm αn αm (umi − uni ),
N
X
αn = 1.

(9)
(10)

n=1

This shows that the system with artificial diffusion differs from the standard system (13) only in the sense that the convective velocity unj in the convective terms has been
replaced by wnj .
In the remainder of this section we will show that (4-6) fulfills four desirable basic
properties (see the list of properties in Ref. [34]). The first property is that the system is
Galilean invariant, i.e. the equations are invariant under the coordinate transformation
u∗ni = uni + Ui , x∗i = xi + Ui t and t∗ = t, where Ui is constant. This property is recognized
if we rewrite Eqs. (4-6) as:
∂t αn + unj ∂j α = −αn ∂j unj + ∂j (ηn ∂j αn ),
ρn αn ∂t uni + ρn αn unj ∂j uni = −αn ∂i p + ρn αn gi + ∂j (2ρn αn νn Snij )
+ρn ηn (∂j αn )(∂j uni ) + γnm αn αm (umi − uni ),
N
X
αn = 1.

(11)
(12)
(13)

n=1

Since the left-hand sides of Eqs. (11-12) are proportional to material derivatives, and all
velocity dependent terms in the right-hand side do only depend on velocity differences
or spatial velocity derivatives, the system is Galilean invariant. Of course the artificial
diffusivity and viscosities should then also be specified as Galilean invariant expressions.
Provided the artificial diffusivities ηn vanish for zero velocities, system (4-6) has a
second property: a flow initially in rest undergoes no change if the pressure is hydrostatic, even if the distribution of phases is nonuniform. This is a desirable property for
dispersed multiphase flows, where the effect of Brownian motion is usually negligible [27].
It sufficient to require that the artificial diffusivity vanishes at rest. For zero artificial
diffusivity all terms that depend on the derivatives of the volume fractions vanish in Eqs.
(11-13). As a consequence, time derivatives remain zero at zero velocities and hydrostatic pressure, even if the volume fractions vary in space. The artificial diffusivity used
in section 4 vanishes for zero velocities indeed.
The third property is that the mass and momentum equations summed over the
phases are in divergence form, and thus mass and momentum in the averaged variables
are conserved with appropriate boundary conditions.
The fourth desirable property is that the total kinetic energy in the averaged variables
in the entire volume is guaranteed to reduce with suitable boundary conditions and in the
absence of external forces. This property can be derived if the artificial diffusivities in the
volume fraction equations are the same, say ηn = η. This property, and the previous one,
are quite attractive from a practical point of view, because the conservation of quantities
and boundedness of kinetic energy are important issues in the development of robust
numerical models. The equation for the kinetic energy in the averaged variables can be
obtained from the identity
∂t ( 21 ρn αn uniuni ) = uni∂t (ρn αn uni) − 21 uni uni∂t (ρn αn ).
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(14)

In this equation and also in Eqs. (15-18), the summation convention over repeated indices
in products is not only applied to the indices j and m, but also to the indices i and n, in
contrast to the equations up to Eq. (13). Substitution of Eqs. (8) and (9) into Eq. (14)
leads to
∂t ( 12 ρn αn uniuni ) = −∂j ( 21 ρn αn uniuni wnj − αn punj + 2ρn αn νn Snij uni )
+p∂i (αn uni ) − 2ρn αn νn Snij Snij
+ρn αn unigi − 21 γnm αn αm (umi − uni)(umi − uni ).

(15)

For ηn = η the sum of the volume fraction equations specified by (4) can be written as:
∂t

N
X

αn = −∂j (αn unj ) + ∂j (η∂j

n=1

N
X

αn ),

(16)

n=1

which is equivalent to
∂j (αn unj ) = 0,

(17)

because the sum of the volume fractions equals 1. Substitution of the latter equation
into (15), integration of (15) over the domain V , absence of body forces (gi = 0), and
the application of appropriate boundary conditions (zero normal velocity or periodicity)
shows that the total kinetic energy remains bounded,
Z
Z
2
1
∂t
ρ α u u dV = − (2ρn αn νn Snij
+ 12 γnm αn αm (umi − uni )2 ) ≤ 0, (18)
2 n n ni ni
V

V

provided the viscosities νn and the averaged drag coefficients γnm are positive.
3. Linear stability
In this section we will consider the linear stability of the equations formulated in the
previous section. The analysis will be focussed on the linear stability of uniform onedimensional two-phase flow. As mentioned in the Introduction, for this relatively simple
flow the standard model without artificial diffusion is known to be linearly unstable
to perturbations for all wavenumbers, even if viscous terms are incorporated into the
momentum equation.
We start with some remarks on assumptions and notation for the cases of onedimensional two-phase flow considered in this and the following section. The factor
2/3 in the definition of the strainrate Sij is replaced by 1. Furthermore, the indices i and
j are omitted and the spatial derivative is denoted with ∂x . We take a single artificial
diffusivity η1 = η2 = η and the single dimensional drag coefficient is denoted with γ.
Thus the equations that will be analyzed are (compare Eqs. (11-12)):
∂t α1 + u1 ∂x α1 + α1 ∂x u1 − ∂x (η∂x α1 )
−∂t α1 − u2 ∂x α1 + α2 ∂x u2 + ∂x (η∂x α1 )
1
1
∂t u1 + u1 ∂x u1 + ∂x p − g − ∂x (α1 ν1 ∂x u1 )
ρ1
α1
γα2
−η(∂x α1 )(∂x u1 ) −
(u2 − u1 )
ρ1
1
1
∂t u2 + u2 ∂x u2 + ∂x p − g − ∂x (α2 ν2 ∂x u2 )
ρ2
α2
γα1
−η(∂x α2 )(∂x u2) +
(u2 − u1 )
ρ2
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= 0,
= 0,

(19)
(20)

= 0,

(21)

= 0,

(22)

and α2 = 1 − α1 . Here η and ν1 and ν2 are allowed to be functions of the field variables
α1 , α2 = 1 − α1 , u1 and u2 . The drag coefficient γ is allowed to be a function of the
relative velocity u2 − u1 .
In the remainder of this section (but not in the following section) the symbols α1 ,
α2 = 1 − α1 , u1 , u2 , and p will represent the non-fluctuating uniform field for which the
stability is investigated (α1 , α2 , u1 and u2 are constant in time and space, p is constant
in time and linear in space). Likewise η, ν1 , ν2 will represent the non-fluctuating part
of the artificial diffusivity and (turbulent) viscosities. It is remarked that the fluctuating
parts of the diffusivity and viscosities do not play a role in a linear analysis, since they
only appear in terms that are products of fluctuations (diffusivity and viscosities are
multiplied with derivatives of volume fraction or velocities and the non-fluctuating parts
of these derivatives are zero). However, the fluctuating part of the drag will affect the
linear analysis. For this purpose, we define
γ̂ =

∂(u2 − u1 )γ
∂γ
= γ + (u2 − u1 )
,
∂(u2 − u1 )
∂(u2 − u1 )

(23)

and in the remainder of this section γ̂ will represent the non-fluctuating part of this
variable.
As is common in linear stability analyses we assume a perturbation vector proportional
to
exp(iωt − ikx),
(24)
and superimpose it on the uniform field. Here k is the real spatial wavenumber (k > 0),
ω is a complex number and i2 = −1 (i does not represent an index in this section). The
real part of ω represents the propagating velocity of the wave. The growth rate is defined
by
Ω = −Im(ω).
(25)
A negative, zero or positive growth rate corresponds to a stable, neutral or unstable wave,
respectively.
If we substitute the uniform field plus the Fourier perturbation into Eqs. (11-13),
linearize by omitting terms containing products of fluctuations, use the property that
derivatives of the constant field are zero, and divide the resulting equations by ik exp(iωt−
ikx), then we obtain a system of linear equations for the amplitudes of the perturbation.
The linear system represents a degenerate eigenvalue problem, and a nontrivial solution
for the vector with amplitudes exists if the following determinant is zero:
ω
k

− u1 − iηk
u2 + iηk − ωk
iγ(u1 −u2 )
ρ1 k
iγ(u1 −u2 )
ρ2 k

ω
k

−α1
0
− u1 − iν1 k −
iγ̂α1
ρ2 k

0
−α2
iγ̂α2
ρ1 k

ω
k

iγ̂α2
ρ1 k

− u2 − iν2 k −

iγ̂α1
ρ2 k

0
0
− ρ11
− ρ12

= 0,

(26)

where α2 = 1 − α1 . The four rows in the determinant correspond to the four equations
above, while the columns correspond to the perturbation superimposed on the variables
α1 , u1 , u2 , p, respectively.
It appears to be convenient to define eigenvalues with the dimension of velocity by:
λ=

ω
− iηk,
k
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(27)

and to use separate symbols s and y for the real and imaginary parts of λ, i.e.
λ = s + iy.

(28)

This implies that the growth rate Ω of the perturbation wave equals
Ω = −Im(ω) = −Im(λ)k − ηk 2 = −yk − ηk 2 .

(29)

Substitution of definition (27) into Eq. (26) and expansion of the determinant (see
Appendix 1) leads to the quadratic polynomial
aλ2 − (b + iq)λ + c + ir = 0,

(30)

a = α2 ρ1 + α1 ρ2 ,
b = 2(α2 ρ1 u1 + α1 ρ2 u2 ),
c = α2 ρ1 u21 + α1 ρ2 u22 ,
γ̂
q =
+ k(α2 ρ1 (ν1 − η) + α1 ρ2 (ν2 − η)),
k
γ̂
w + k(α2 ρ1 (ν1 − η)u1 + α1 ρ2 (ν2 − η)u2 ),
r =
k
w = α1 u2 + α2 u1 .

(31)
(32)
(33)

where

(34)
(35)
(36)

Substitution of λ = s + iy into Eq. (30) leads to
ay 2 − qy − as2 + bs − c = 0,
(2as − b)y − qs + r = 0.

(37)
(38)

From equation (37) we solve y:
1

q ± (q 2 + 4a(as2 − bs + c)) 2
y=
.
2a

(39)

The classic inviscid case without drag is recovered if η = 0, ν1,2 = 0 and γ̂ = 0. Then
q and r are zero and the roots λ of Eq. (30) are the standard complex characteristic
velocities [9, 21, 27, 29]:
1

α2 ρ1 u1 + α1 ρ2 u2 ± i|u1 − u2 |(α1 α2 ρ1 ρ2 ) 2
.
λ=
α2 ρ1 + α1 ρ2

(40)

The occurrence of complex roots implies that there is an unstable growth rate (Ω > 0)
for all wavenumbers k 6= 0 in case u1 6= u2 . It also implies that for zero q and r the
left-hand side of Eq. (30) is positive definite in real space; hence
as2 − bs + c > 0

(41)

for all s and u1 6= u2 .
The focus of the present section is on stability, but before we proceed with the stability analysis, we discuss the related concepts well-posedness, hyperbolicity and wave
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dispersion. Because the classic inviscid Eulerian model has complex characteristic velocities (Eq. (40)), it is ill-posed. The characteristic velocity is in fact the quantity ω/k,
provided ω/k does not depend on k [36]. If there are N real characteristic velocities for
a system of rank N, the linear system is purely hyperbolic. Such systems are known to
be well-posed, that is for appropriate initial and boundary conditions a unique solution
exists and the dependence of this solution on the initial and boundary data is continuous.
If ω/k is real but not constant, the system is not hyperbolic but dispersive ([36], p365).
Since characteristic velocities are roots of a polynomial with real coefficients, complex
characteristic velocities always appear as complex conjugate pairs. This implies that
systems with complex characteristic velocities are unstable. Even if the classic inviscid
system had two real characteristic velocities it would not be strictly hyperbolic because
the rank of the system is four, while the rank of the characteristic polynomial is only
two (the eigenvalue problem is called degenerated). This is due to the elliptic behavior
arising from the role of pressure in incompressible flow. In the present work we include
the effects of diffusion, viscosity and drag, which adds parabolic features to the system.
Since ω/k depends on k, there are no characteristic velocities anymore. In addition ω/k
is complex but does not appear in complex conjugate pairs, which means that complex
roots do not necessarily imply instability; if the imaginary parts of all solutions ω/k are
positive the system is stable. Although formal analysis of dispersion requires ω/k to
be real [36], information on dispersive behavior may be extracted from the propagation
velocity s, the real part of ω/k, which also depends on k.
We next proceed with the linear instability analysis and include the effects of the
artificial diffusivity, viscosities and drag. This means that the coefficients q and r are in
general nonzero. The definition of q (34) shows that the limit |q| → ∞ is important for
the behavior of the system at small and large wavenumbers. For |q| → ∞ and finite s
the Taylor expansion applied to (39) indicates that the asymptotic limit of one root is
given by
k
y → q/a → −ηk + (α2 ρ1 ν1 + α1 ρ2 ν2 ) .
(42)
a
Substitution of y → q/a into Eq. (38) shows that the corresponding propagation velocity
s converges to b/a − r/q, which is finite indeed. The asymptotic limit (|q| → ∞) of the
other root is given by
as2 − bs + c
y→−
.
(43)
q
Equation (43) shows that |q| → ∞ implies y → 0; hence from equation (38) it can be
verified that s → r/q, which is finite indeed. The maximum asymptotic growth rate is
obtained from the substitution of (42) and (43) into (29):


k
k2
Ωmax = max − (α2 ρ1 ν1 + α1 ρ2 ν2 ) , (as2 − bs + c) − ηk 2 .
a
q

(44)

The multiphase equations with viscosity and drag but without artificial diffusion are
retrieved if ν1,2 > 0, γ̂ > 0 and η = 0. In this case k → ∞ implies q → +∞. Thus the
maximum asymptotic growth rate Ωmax given by Eq. (44) reduces to
as2 − bs + c
,
α2 ρ1 ν1 + α1 ρ2 ν2
9

(45)

which is a positive constant, positive because of (41). Thus there is a serious instability
for perturbations at large wavenumber if η = 0, which is not removed by the viscosity in
the momentum equations [2, 26, 34].
In the following the stabilizing effect of nonzero diffusivity in the volume fraction
equation will be analyzed (η > 0, γ̂ > 0, ν1 > 0, ν2 ≥ 0). The results will be presented
in three parts: stability for large wavenumbers, stability for small wavenumbers, and
stability for all wavenumbers.
First, we consider the large wavenumber limit, k → ∞. To investigate this limit, we
define ζ by
ζ = α2 ρ1 (ν1 − η) + α1 ρ2 (ν2 − η).
(46)
If ζ 6= 0 then k → ∞ implies |q| → ∞. Thus Eq. (44) is applicable, which implies that
that the system is stable in the large wavenumber limit; η > 0 implies Ωmax ∼ −k 2 →
−∞. If ζ = 0 then k → ∞ implies q → 0 and either r → 0 or |r| → ∞. If q → 0 and
r → 0, the roots λ converge to the roots given by Eq. (40). Substitution of Eq. (40)
into Eq. (27) implies that Ω has a negative imaginary part for k → ∞. In Appendix 1
it is shown that Ω has also a negative imaginary part if q → 0 and |r| → ∞. Hereby the
proof is finished that the system is stable for large wavenumbers if η > 0, γ̂ > 0, ν1 > 0,
and ν2 ≥ 0.
For the special case γ̂ = 0 and η = ν1 = ν2 , the parameters q and r are zero. Since
λ then converges to Eq. (40), it is straightforward to find the critical wave number kcrit ,
above which the equations are stable. The critical wavenumber is reached if one solution
for Ω is zero (and the other one negative). Eqs. (29) and (40) imply that
1

kcrit

(α1 α2 ρ1 ρ2 ) 2 |u1 − u2 |
=
.
η(α2 ρ1 + α1 ρ2 )

(47)

It is remarked that for sufficiently large kcrit the effect of nonzero γ̂ on kcrit will be small,
since unlike viscous terms the effect of the drag term does not increase with k, because
the term is algebraic. Using the Nyquist relation kcrit = 2π/L, Eq. (47) is rewritten
to obtain the value of the diffusion coefficient that damps out unstable waves that are
shorter than some sufficiently small length-scale L:
1

(α1 α2 ρ1 ρ2 ) 2 |u1 − u2 |L
η=
.
2π(α2 ρ1 + α1 ρ2 )

(48)

The latter equation can be useful if the flow displays physical unsteadiness that needs to
be computed down to a given length-scale L. In dispersed multiphase flow L should not
be smaller than the particle diameter.
Second, we derive a constraint for η for which stability in the small wavenumber limit
is ensured. The limit k → 0 implies q → +∞. The potential unstable root is then given
by Eq. (43), which implies y → 0, and as a consequence the asymptotic propagation
velocity, deduced from (38), equals
r
(49)
s = = w.
q
Substitution into (43) leads to
y=−

aw 2 − bw + c
.
γ̂/k
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(50)

Since
aw 2 − bw + c = (u1 − u2 )2 α1 α2 (α1 ρ1 + α2 ρ2 )

(51)

(see Appendix 1), it follows from the definitions of a, b, c and w that
k
y = − (u1 − u2 )2 α1 α2 (α1 ρ1 + α2 ρ2 )
γ̂

(52)

for k → 0. Hence perturbations at small wavenumbers (large wavelenghts) are stable if
η≥

1
(u1 − u2 )2 α1 α2 (α1 ρ1 + α2 ρ2 ),
γ̂

(53)

since then the growth rate Ω is negative (see definition (29)).
Third, we show that if constraint (53) is fulfilled all wavenumbers are stable. In
fact we prove that there is no neutral wave (k 6= 0) if the constraint is fulfilled. Since
we have already shown that the system is stable for large wavenumbers if η > 0, other
wavenumbers can be unstable only if there is a strictly positive wavenumber k with zero
growth rate. Since the system is Galilean invariant we may take any reference velocity;
thus without loss of generality we assume w = 0. In that case Eq. (51) implies that
constraint (53) reduces to
ηγ̂ ≥ c.
(54)
To simplify the analysis further, equal viscosities (ν1 = ν2 > 0) are assumed, denoted
with ν. Thus Eqs. (34-35) reduce to q = γ̂ + ak(ν − η) and r = 21 bk(ν − η).
A neutral growth rate Ω corresponds to y = −ηk. Substitution into Eqs. (37-38)
leads to
aνηk 2 + ηγ̂ − c − as2 + bs = 0,

(55)
2

s =

b(ν + η)k
.
2γ̂ + 2a(ν + η)k 2

(56)

Substitution of the latter expression into the former provides
(aνηk 2 +ηγ̂−c)(2γ̂+2a(ν+η)k 2 )2 −ab2 (ν+η)2 k 4 +b2 (ν+η)k 2 (2γ̂+2a(ν+η)k 2 ) = 0, (57)
equivalent to
(aνηk 2 + ηγ̂ − c)(2γ̂ + 2a(ν + η)k 2 )2 + ab2 (ν + η)2 k 4 + 2γ̂b2 (ν + η)k 2 = 0.

(58)

If constraint (54) is satisfied, Eq. (58) does not have a real solution different from zero.
The reason is that ηγ̂ ≥ c implies that the left-hand side is strictly positive for k 6= 0
(since k 2 > 0, a > 0, b2 ≥ 0, γ̂ > 0, ν > 0 and η ≥ 0). In other words stability for all
wavenumbers is achieved if η satisfies the constraint Eq. (53). For γ̂ = 0 the constraint is
not satisfied if u1 6= u2 . In this case, the solution of (58), which is the critical wavenumber,
can simply be found:
1

kcrit =

(α1 α2 ρ1 ρ2 ) 2 |u1 − u2 |
1

,

(ην) 2 (α2 ρ1 + α1 ρ2 )
which is a generalization of Eq. (47), since it is also valid for η 6= ν.
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(59)

Before we proceed with the next section, we discuss the constraint (53) somewhat
more. For the dilute flow, the present dimensional drag coefficient can be written as
γ=

3CD
ρ1 |u1 − u2 |,
4d

(60)

where CD is the standard dimensionless drag coefficient, d the spherical particle diameter
and ρ1 the density of the continuous phase. For constant CD we have γ̂ = 2γ, and the
stability constraint (53) is then equivalent to
2α1 α2 (α1 + α2 ρρ12 ) h |u1 − u2 |d i
3CD

η

≤ 1.

(61)

The quantity between square brackets is an artificial Peclet number, based on the relative
velocity, particle diameter and artificial diffusivity η. For Stokes flow the drag expression
above reduces to
18µ1
γ= 2 ,
(62)
d
where µ1 is the dynamic molecular viscosity of the continuous phase. Then γ̂ = γ and
the stability constraint (70) is equivalent to
ρ2 h |u1 − u2 |d ih |u1 − u2 |d i
≤ 1,
18α1 α2 (α1 + α2 )
ρ1
µ1 /ρ1
η

(63)

which expresses a stability bound on the product of particle Reynolds number (the quotient between the first pair of brackets) and the artificial particle Peclet number.
4. Numerical implementation
In this section we will show examples of implementation for one-dimensional flow
of falling particles. First, we will specify the equations presented in section 2 for onedimensional flow of falling particles. Second, we will specify the numerical scheme, which
uses central differencing and pressure correction on a staggered grid. Third, we will show
numerical results to illustrate the stability theory of section 3 for falling particles with
uniform mean profiles. Fourth, results of simulations of a case with nonuniform mean
steady state profiles will be shown.
For two phases, one dimension and equal artificial diffusivities the system of equations
given by by Eqs. (4-6) reduces to:
∂t α1 = −∂x (α1 u1 ) + ∂x (η∂x α1 ),
∂t α2 = −∂x (α2 u2 ) + ∂x (η∂x α2 ),
α1
∂t (α1 u1 ) = −∂x (α1 u21 ) − ∂x p + α1 g
ρ1
+∂x (α1 ν1 ∂x u1 ) + ∂x (u1 η∂x α1 ) +
∂t (α2 u2 ) = −∂x (α2 u22 ) −

α2
∂x p + α2 g
ρ2

+∂x (α2 ν2 ∂x u2 ) + ∂x (u2 η∂x α2 ) −

12

(64)
(65)
γα1 α2
(u2 − u1 ),
ρ1

(66)

γα1 α2
(u2 − u1),
ρ2

(67)

where α2 = 1 − α1 .
The standard drag law is used for γ (see Eq. (60)), where CD is provided by the
Schiller Naumann empirical correlation,
CD =

24
(1 + 0.15Re0.687
),
p
Rep

(68)

if Rep < 1000, and otherwise CD = 0.44. Here, Rep = ρ1 |u1 − u2 |d/µ1 is the particle
Reynolds number, based upon particle diameter d and continuous phase molecular viscosity µ1 , the continuous phase being denoted with index 1 and dispersed phase with
index 2. The drag coefficient (68) implies
γ=

18µ1
(1 + 0.15Re0.687
).
p
2
d

(69)

The artificial diffusivity is suggested by stability constraint (53),
η = cη (u1 − u2 )2 α1 α2 (α1 ρ1 + α2 ρ2 )/γ̂,

(70)

where cη is a positive coefficient and according to Eq. (23),
γ̂ =

18µ1
(1 + 1.687 · 0.15Re0.687
)
p
d2

(71)

if Rep < 1000, and γ̂ = 2γ otherwise. It is remarked that the expression for η is such that
the four properties discussed in section 3 section are valid, including the third property
on rest states of the flow. If the flow is in rest u1 = u2 , and consequently η = 0 according
to definition (70). This implies that a nonuniform concentration field remains unchanged
if the flow is in rest at hydrostatic pressure.
For the numerical solution of these equations, a pressure correction method on a
staggered grid, analogous to the standard pressure correction method for incompressible
flow [11, 33, 35], is presented for the time-dependent multiphase equations. The volume
fractions and pressure are defined in cell centers, and the velocities on cell faces. The
spatial discretization is the standard second-order finite volume method, which is based
on central differences. Since the first two equations imply
∂x (α1 u1 + α2 u2 ) = 0,

(72)

we replace the second continuity equation (65) by a Poisson equation for the pressure,
∂x ((

α1 α2
+ )∂x p) = ∂x (H1 + H2 ),
ρ1
ρ2

(73)

where H1 and H2 are the right-hand sides of (66) and (67) without the pressure gradient
terms,
γα1 α2
(u2 − u1 ),
ρ1
γα1 α2
= −∂x (α2 u22 ) + α2 g + ∂x (α2 ν2 ∂x u2 ) + ∂2 (u2 η∂x α2 ) −
(u2 − u1 ).
ρ2

H1 = −∂x (α1 u21 ) + α1 g + ∂x (α1 ν1 ∂x u1 ) + ∂1 (u1 η∂x α1 ) +

(74)

H2

(75)

A time step of the pressure correction method consists out of the six sequential parts:
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1. The discretized right-hand side of the first continuity equation (64) is determined.
Cell face quantities computed for the α1 -equations (the sum of convective and diffusive fluxes) are stored for reuse in the computation of H1 . Also cell face quantities
for the α2 equation are computed and stored such that they can be used when H2
is computed. This reuse of fluxes through faces also happens in staggered finite
volume methods for compressible single-phase flow [5].
2. The terms H1 and H2 are computed.
3. Volume fraction α1 is updated to the new time level using Eq. (64), and α2 at the
new time level is obtained by α2 = 1 − α1 .
4. The uncorrected momentum at the new time level is obtained by updating αn un
with (∆t)Hn , where ∆t is the time step.
5. The Poisson equation (73) is solved, using lexicographic Gauss-Seidel iteration with
overrelaxation factor 1.5.
6. Finally the uncorrected momentum is updated with −(∆t)αn ∂x p.
The time discretization is explicit and the forward Euler method is used. Apart from the
effects of time discretization, external forces and boundary conditions, the total kinetic
energy in the discrete equations cannot increase. This property relies on the energy
conserving property of the discretized convective and volume fraction diffusive terms
(proven in Appendix 2), and the straightforward skew-symmetry of the spatial derivative
operator that appears in Eq. (72), the pressure gradient term and the standard diffusive
terms [33].
Results are presented for two types of flows: one with a uniform steady state, another
one with a nonuniform steady state. In both cases we consider a flow of particles falling
through a continuous phase with density ρ1 = 1.2kg/m3 and molecular viscosity µ1 =
1.8 · 10−5 kg/(m · s). The density of the particles equals ρ2 = 1000kg/m3 , their diameter
equals d = 10−3 m, and the gravity acceleration is 9.8m/s2 . The (turbulent) viscosities
are assumed to be equal and constant, ν1 = ν2 = 0.01m2 /s.
The case with the uniform steady state is simulated in a domain with a length of 1m,
using periodic boundary conditions and the initial condition
u1 = u2 = 0,
α2 = 0.1 + 0.05 sin(2πx).

(76)
(77)

The boundary condition for the pressure is obtained from the relation p(x+1, t) = p(x, t)+
(0.9ρ1 + 0.1ρ2 )g. It can simply be verified that the equations allow the following steady
state for this set of boundary and initial conditions: α2 = 0.1 and u2 − u1 = 3.87m/s.
Three different values for the artificial diffusion coefficient cη are used: 0, 0.1 and 1. Each
of these three cases are performed on two uniform grids, one with 50, the other with 100
cells, corresponding to a mesh size h of 0.02m and 0.01m, respectively. For these two
grids the timestep equals 1 and 0.5 millisecond, respectively.
Results of the six simulations of the case with the uniform steady state are shown in
Fig. 1. Fig. 1a shows the maximum fluctuation of the volume fraction, max|α2 −0.1| as a
function of time. Fig. 1b shows the particle slip velocity u2 − u1 at x = 0 as a function of
time. The results of these simulations are nearly grid independent (see Fig. 1, coarse and
fine grid curves almost coincide) The simulations without artificial diffusivity (cη = 0)
fail. Grid refinement does not remove the instability, due to the fact that the equations
14

4.2
4

0.4
slip velocity [m/s]

maximum fluctuation volume fraction

0.5

0.3

0.2

0.1

0

3.8
3.6
3.4
3.2

0

5

t [s]

10

3

15

(a)

0

5

t [s]

10

15

(b)

Figure 1: Uniform flow case. Maximum fluctuation of volume fraction (a) and slip velocity at x = 0 (b)
as functions of time for cη = 0 (dashed), cη = 0.1 (dotted), and cη = 1 (solid). Results are shown for
two different resolutions (curves are approximately on top of each other).

for cη = 0 are unstable for all wavenumbers; after grid refinement the blowup for cη
occurs even slightly earlier. However, the simulations performed with nonzero cη do not
fail, For cη = 0.1 disturbances at large wavenumbers are stable, but disturbances at
small wavenumbers are not stable. For this reason the sinusoidal fluctuation in the initial
condition does not disappear. Due to nonlinear interactions it saturates after some time,
displaying a time-periodic fluctuation of the terminal slip velocity at fixed location (Fig.
1b). In the third case, cη = 1 the linear stability constraint (53) is satisfied. Therefore
this simulation is expected to be stable for perturbations at all wavenumbers. Indeed,
Fig. 1 shows that in this case the transient solution converges to the steady state solution.
From the three values of cη considered, the simulation with cη = 1 is clearly the most
appropriate choice, if we are interested to find the steady state solution of the equations.
In the steady state η = 0.034m2/s if cη = 1.
The present central differencing scheme does not introduce implicit numerical diffusion into the simulations. If the standard first-order upwind method (without explicit
artificial diffusion) had been employed, the maximum implicit diffusion would have been
max|u1, u2 |h/2, about 0.04m2 /s on the coarse and 0.02m2 /s on the fine grid. The upwind
diffusion decreases with mesh size and upwind simulations without explicit diffusion are
therefore expected to develop non-vanishing unsteady oscillations if the mesh size decreases and the implicit diffusion falls below the value prescribed by stability constraint
(53). Indeed, two-phase simulations using only implicit (upwind) diffusion were found to
diverge with grid refinement [12].
The addition of artificial diffusion with a value of η that satisfies Eq. (53) could
lead to additional spreading of physical spatial gradients that may be present in the
flow. To address this issue, a second flow case is simulated, this time with a nonuniform
steady state. The physical parameters are the same as above, but domain size, boundary
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Figure 2: Steady state profiles for the volume fraction α2 (a), velocity u1 (b; lower set of curves), and
velocity u2 (b; higher set of curves). Results are shown for three different values of cη : 0.3 (dotted), 1.0
(solid) and 3.0 (dashed); dotted, solid and dashed curves are approximately on top of each other.

conditions and initial condition are different. The nonuniform case represents a dense
flow of particles with relatively low velocity when they start to fall. The length of the
domain in this case is 2m, and the inflow boundary conditions are prescribed by α2 = 0.5,
u1 = u2 = 0.5m/s, and zero pressure gradient. The outflow boundary conditions are a
fixed pressure and zero gradients for the volume fraction and velocities. The inflow values
for volume fraction and velocities are also used as initial condition. A uniform grid of
100 cells is used and the time step is determined by keeping the maximum of the CFL
and RK number equal to 0.2.
Results of the computed steady state of the nonuniform flow case are shown in Fig.
2, for three different values of cη : 0.3, 1 and 3, the largest value being an order of
magnitude larger than the smallest one. All three simulations eventually reach the steady
state. However, cη should not be smaller than 0.3, then the simulation of this flow case
blows up. The maximum artificial diffusion in the steady state equals 0.005, 0.016 and
0.046m2 /s for cη =0.3, 1 and 3, respectively. Fig. 2 shows that the profiles of cη =0.3, 1
and 3 are nearly identical. It is concluded that the effect of the artificial diffusion term
on the spreading of the mean gradients is small.
5. Conclusions
The commonly used Eulerian or continuum model for incompressible multiphase flow
is known to be unstable to perturbations for all wavenumbers, even if (turbulent) viscosities are used in the momentum equations. In the present work the model was stabilized
by the addition of artificial diffusion in the form of second order derivatives of the concentrations in the mass and momentum equation. The artificial diffusion terms were
shown to leave fundamental properties of the original equations unaffected: Galilean invariance, conservation of mass and momentum, decay of total kinetic energy for suitable
16

conditions, and the property that a flow initially at rest at hydrostatic pressure remains
unchanged, even if the spatial distribution of volume fractions is nonuniform. The equations with artificial diffusion were proven to have improved stability properties: uniform
flow is linearly stable for large wavenumbers, and, in combination with an algebraic drag
law, a critical value of the diffusivity exists for which the uniform flow is linearly stable for all wavenumbers. The enhanced stability produced by this artificial diffusivity
was confirmed by numerical simulations of the two-phase flow of falling particles in air.
A staggered discretization was used, based on central differencing, such that a kinetic
energy conserving discretization of convective and volume fraction diffusive terms was
obtained. A pressure correction method was presented, using a Poisson equation for
multiphase flow. Simulations were performed for uniform and nonuniform mean profiles.
The simulations without diffusion term in the volume fraction equation became unstable
and could not be completed. However, the simulations with artificial diffusion converged
to the steady state solution, at least if the analytically derived stability constraint on the
artificial diffusivity was satisfied.
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Appendix 1
Three steps of the analysis in section 3 are further explained in this appendix.
First, we show the derivation of Eq. (30) from Eq. (26). Using the definition of λ
(Eq. (27)), Eq. (26) can be written as:
λ − u1
−(λ − u2 )
iγ(u1 −u2 )
ρ1 k
iγ(u1 −u2 )
ρ2 k

−α1
0
λ − u1 − i(ν1 k − ηk +
iγ̂α1
ρ2 k

0
−α2

0
0
γ̂α2
iγ̂α2
)
− ρ11
ρ1 k
ρ1 k
1
λ − u2 − i(ν2 k − ηk + γ̂α
) − ρ12
ρ2 k

= 0. (78)

Expansion of the determinant along the last column results in

iγ̂α1 α2
γ̂α1 i
1h
(λ − u1 )
− (λ − u2 )α1 (λ − u2 ) − i(ν2 k − ηk +
)
ρ1
ρ2 k
ρ2 k

1h
γ̂α2 
iγ̂α1 α2 i
−
(λ − u1 )α2 (λ − u1 ) − i(ν1 k − ηk +
) + (λ − u2 )(−
)
ρ2
ρ1 k
ρ1 k
1 iγα1 α2 (u1 − u2 )
1
−
)
= 0.
+(
ρ1 ρ2 ρ2 ρ1
k
Multiplication of this equation with −ρ1 ρ2 gives


γ̂
α1 ρ2 (λ − u2 ) (λ − u2 ) − i(ν2 − η)k − i(λ − u2)(α12 + α1 α2 )
k


γ̂
= 0.
+α2 ρ1 (λ − u1 ) (λ − u1 ) − i(ν1 − η)k − i(λ − u1)(α22 + α1 α2 )
k

(79)

(80)

After substitution of
α12 + α1 α2 = α1 (α1 + α2 ) = α1 ,
α22 + α1 α2 = α2 (α1 + α2 ) = α2 ,

(81)
(82)

which is valid since α1 + α2 = 1, Eqs. (30-36) can be derived.
Second, we prove the negativity of the growth rate if k → ∞ in combination with
q → 0 and |r| → ∞. This combination may occur if ζ = 0. Thus let k → ∞, q → 0
and |r| → ∞. The value of y cannot converge to zero, since y → 0 would imply |s| → ∞
because of (38) and then (37) would imply |y| → ∞, a contradiction to y → 0. Since
y → 0 is not true, (38) implies s → (by − r)/2ay. Substitution of the latter limit into
(37) leads to
4a3 y 4 + a(b2 − 4ac)y 2 − ar 2 = 0.
(83)
Since |r| → ∞, we find
1

1

1

|y| → (|r|/2a) 2 ∼ k 2 ,

1

|s| → (|r|/2a) 2 ∼ k 2 .

(84)

Then Eq. (27) implies that Ω has a negative imaginary part, since η > 0 and k 3/2 is
small compared to k 2 if k → ∞.
Third, we prove Eq. (51). Substitution of the definitions of a, b, c and w into the
left-hand side of (51) leads to
(α2 ρ1 + α1 ρ2 )(α12 u22 + α22 u21 + 2α1 α2 u1 u2 ) − 2(α2 ρ1 u1 + α1 ρ2 u2 )(α1 u2 + α2 u1 )
+α2 ρ1 u21 + α1 ρ2 u22 ,
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(85)

which is equal to
u21 ((α23 − 2α22 + α2 )ρ1 + α1 α22 ρ2 ) + u22 ((α13 − 2α12 + α1 )ρ2 + α12 α2 ρ1 )
−2u1 u2 ((α1 α2 − α1 α22 )ρ1 + (α1 α2 − α12 α2 )ρ2 ).

(86)

After substitution of
α23 − 2α22 + α2
α13 − 2α12 + α1
α1 α2 − α1 α22
α1 α2 − α12 α2

=
=
=
=

α2 (α2 − 1)2 = α12 α2 ,
α1 (α1 − 1)2 = α1 α22 ,
α1 α2 (1 − α2 ) = α12 α2 ,
α1 α2 (1 − α1 ) = α1 α22 ,

(87)

all valid since α1 + α2 = 1, the right-hand side of Eq. (51) follows.

Appendix 2
Here the proof is given for the statement in section 5 that reuse of face quantities
from the continuity equations in the momentum equations, as it has been proposed in
Ref. [5], leads to discrete energy conservation of the convective and volume fraction
diffusive terms, if the time integration is exact. Denoting the grid cell with index i
and omitting the phase index, the spatial discretization of the continuity equation and
momentum equation per phase in the staggered finite volume method reads:

∂t ( 21 (αi− 1
2

1
∂t αi− 1 = − (fi − fi−1 ),
(88)
h
2

1 
+ αi+ 1 )ui) = −
(ui + ui+1 )(fi + fi+1 ) − (ui−1 + ui )(fi−1 + fi ) + Ri ,
4hi
2
(89)

where f is the sum of convective and diffusive fluxes through the cell faces in the continuity equation, hi is the grid spacing, and Ri represents all other terms in the momentum
equation. In this appendix no summation convention of indices is used. The time derivative of discrete total kinetic energy in the phase under consideration is derived from the
two discrete equations above:
∂t ( 41 (αi− 1 + αi+ 1 )u2i ) = ui∂t ( 12 (αi− 1 + αi+ 1 )ui ) − 41 u2i (∂t αi− 1 + ∂t αi+ 1 )
2
2
2
2
2
2
1 
ui(ui + ui+1 )(fi + fi+1 ) − ui (ui−1 + ui )(fi−1 + fi )
= −
4hi

−u2i (fi − fi−1 + fi+1 − fi ) + uiRi ,
1  2
= −
u fi + u2i fi+1 + uiui+1 fi + uiui+1 fi+1 − ui−1 ui fi−1
4hi i

−ui−1 ui fi − u2i fi−1 − u2i fi + u2i fi−1 − u2i fi+1 + uiRi

1 
= −
uiui+1 fi − ui−1 ui fi−1 + ui ui+1 fi+1 − ui−1 ui fi + uiRi .
4hi
(90)
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If we sum over all i in the domain, multiply with h, we obtain the time derivative of
discrete kinetic energy in the phase under consideration,
∂t

X hi
( (αi− 1 + αi+ 1 )u2i )
4
2
2
i
X
 X
X
X
X
ui ui+1 fi −
ui−1 ui fi−1 +
ui ui+1 fi+1 −
ui−1 ui fi +
hi uiRi
= − 14
=

− 41

i
X

i

ui ui+1 fi −

i

=

X

X
i

i

ui ui+1 fi +

X
i

hi ui Ri .

ui ui+1fi+1 −

i

X
i

i



ui ui+1 fi+1 +

X

hi uiRi

i

(91)

i

where the shift of the index of the sums is justified by the assumption of periodic boundary
conditions. This equation shows that the discrete convective and volume fraction diffusive
terms do not contribute to the time derivative of total kinetic energy.
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