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Abstract

An explicit staggered projection method for the incompressible Navier-Stokes equations with no-slip
walls is analyzed and used in simulations to address several issues related to the pressure boundary
condition required when the continuity equation is replaced by the standard pressure Poisson equation
(PPE), V?p =V - (—u- Vu +f). First, it is shown that a PPE system supplemented with a Neumann
pressure boundary condition derived from the momentum equation can be made consistent with the
Navier-Stokes equations if it is extended with the requirement that V- V2u = 0 is zero near the wall and
the solution is sufficiently smooth. This implies that it is possible to formulate a boundary condition
for the standard PPE without the necessity to resort to Green’s functions, which is interesting for
theoretical reasons. Second, the equivalence is shown between the staggered projection method and the
staggered discretization of above PPE system. The derivation of the equivalence sheds light upon the
so-called PPE paradox and leads to an approximation of the wall value of dp/dn, which is not required
but implied by the staggered projection method. Third, the (near-wall) regularity of a solution of the
Navier-Stokes equations is numerically analyzed by means of Direct Numerical Simulation of turbulent
channel flow performed with the staggered projection method. From the numerical inspection of all
terms of the momentum equation in the near-wall region, it is concluded that the three components of
the momentum equation are satisfied on the wall for ¢ > 0 (for short times, but also in the turbulent
regime). In the limit ¢ — 0, the pressure gradient is observed to converge to the initial pressure gradient in
the Lo-norm, which confirms a disputed theoretical result in literature. Even in the maximum norm, the
pressure gradient appears to converge to the initial pressure gradient. The only discontinuities observed
in the simulations are the discontinuities of the tangential viscous terms and the time derivatives of the
tangential velocities on the wall at ¢ = 0. Thus the numerical results indicate that the regularity of the
solution for turbulent channel flow is stronger than claimed by existing theory.

Keywords: projection method, staggered methods, Navier-Stokes equations, pressure Poisson
equation, pressure boundary condition, DNS of turbulent channel flow

1. Introduction

The behaviour of the pressure near a no-slip wall and in particular the appropriate wall boundary
condition for the pressure Poisson equation deduced from the Navier-Stokes equations have been widely
discussed in literature [1, 2, 3, 4, 5, 6, 7, 8, 9]. The literature on these topics easily causes confusion;
contradicting statements, claims and even contradicting theorems can be found. In the present paper
these issues are reconsidered and interpreted with use of Direct Numerical Simulation (DNS) of turbulent
channel flow.

Before we mention the aims and approach of the present paper in more detail, we specify the Navier-
Stokes equations and mention several pressure Poisson equations that can be found in literature. We
also recapitulate some relevant theoretical results on the regularity of solutions for the Navier-Stokes
equations in a wall-bounded domain.
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The Navier-Stokes equations are formulated for incompressible plane channel flow in the spatial
domain Q = [0,L,] x (0,Ly) x [0,L,] for time ¢ > 0. The two parallel walls are given by I' =
[0, L] x {0, Ly} x [0, L], such that = QUT. Pressure and velocity are denoted by p and u = (u, v, w),
respectively, and depend on location x = (x,y, z) and ¢. The pressure is defined as a function with a
volume integral of zero. In streamwise direction (x) and spanwise direction (z), periodic boundary con-
ditions are imposed on p and u. In the normal direction, no-slip boundary conditions are imposed to the
velocity. The velocity prescribed on I is denoted by ur. The Navier-Stokes equations for incompressible
flow in the space-time domain € x (0, 00) read:

V-u = 0, (1)
ou/ot = —u-Vu-Vp+vViu+f, (2)
u = uronl; wu,pperiodicin z, z; / pdV =0; u(x,0) =u’(x). (3)

Q

Here v is the kinematic viscosity, f(x,t) a smooth (C°°) forcing term, and u’(x) a smooth initial velocity
field with V- u® = 0 in Q and u’(x) = ur(x,0) for x € I'. The velocity ur(x,t) is defined as a smooth
vector field on I' that satisfies the periodic boundary conditions in « and z. The normal velocity on
the wall, vr, is a function with the property that its integral over I' is zero. For the time being the
local value of ur is not assumed to be zero, to generalize the formulation to sliding walls, nonpermeable
walls or velocity specified inflow boundary conditions. Equations (1-3) are frequently called the primitive
equations, we will refer to these equations as system NS. It is stressed that in system NS no boundary
condition for the pressure on I' is specified.
Application of the divergence to Eq. (2) and 9/t to Eq. (1) provides the standard pressure Poisson
equation (PPE)
Vip=V-(-u-Vu+f). (4)

With the differentation the order of the equation has increased and therefore a boundary condition for
the pressure is required to solve Eq. (4). One procedure to obtain the required boundary condition is the
matrix influence method proposed by Kleiser and Schumann [2] in the context of spectral methods. With
the use of Green’s functions, this method provides a Dirichlet boundary condition for p on I' by imposing
V-u=0onT at the new time level. The system of equations (1-4) equipped with the matrix influence
Dirichlet boundary condition for p will be called PPEQ. The implementation of PPEO is complicated.

A simpler procedure to specify a wall boundary condition for the pressure Poisson equation is the
derivation of a Neumann pressure boundary condition from the momentum equation in the normal
direction. This procedure is used in system PPE1L [5], defined by (2-4) and
g—zzz/VQUJrfyfup-va6.8175F on I. (5)
The last two terms vanish if up = 0, and also if ur does not depend on time and V-u =0 on I' (since
then Vv = 0 on I'). Gresho and Sani [5] discussed PPE1 in detail and formulated an hypothesis that
NS and PPE1 would be equivalent. However, this hypothesis was falsified by the same authors in later
work [7] and [9]; an example in section 3.10.3 of Ref. [7] shows that PPEL1 is ill-posed.

Gresho and Sani [5] also introduced system PPE2, defined by (2-3), Poisson equation

V?p=V-(—u-Vu+vViu+f), (6)

and boundary condition (5). The so-called PPE paradox ”if you include it, you do not need it, but if
you do not include it, you do need it” [7] refers to the inclusion of the term vV - V?u, which is zero,
into the right-hand side of this Poison equation. The standard Poisson equation (4) is also called the
simplified Poisson equation [5], while (6) is also called the consistent Poisson equation.

In the derivation of a pressure boundary condition from the momentum equation it is not obvious
why the momentum equation in the normal direction should be chosen and whether the choice of one
of the other momentum equations would imply a different solution. This ambiguity was pointed out in
several papers, see for example [1, 4], and led to a theorem with a corollary that PPE2 would be ill-posed
[8], but according to Ref. [9] this statement is incorrect.



The discussion in literature about the PPE1 and PPE2 prompts research question I: Is there another
way to extend PPE1 such that it becomes consistent, without the term vV - V2u in the Poisson equation,
but with the Neumann boundary condition? In answer to this question a new PPE system is proposed,
PPE3, which consists of equations (2-5) and the additional near-wall requirement

V-V?u =0 in the neighbourhood of T, (7)

i.e. the divergence of the Laplacian of the velocity should be zero for x € €2 infinitesimally close to T
Thus system PPE3 is essentially PPE1 extended with condition (7).

The difficult and confusing part of PPE systems is related to the pressure boundary condition of the
PPE at the wall. We are therefore interested in the behaviour of the pressure gradient near a no-slip wall.
For a numerical investigation of the behaviour of the pressure gradient near the wall, it is convenient to
use a pressure-based method which does not require a boundary condition for the pressure on I'. The
Marker and Cell (MAC) method introduced by Harlow and Welch [10] is such a method, since it is a
direct discretization of system NS (1-3), on a staggered grid. Another well-known method to solve system
NS is the projection method, introduced by Chorin [11] and Temam [12]. In case of explicit treatment
of the convective and implicit treatment of the viscous terms, which introduces a splitting error, the
projection method is also called the fractional step method [1, 13]. The projection of an intermediate
velocity on the space of divergence free functions leads to an implicit equation for the pressure. On a
staggered grid and entirely formulated in discrete space the definition of a pressure boundary condition
can be avoided [13], such that, like the MAC method, the projection method can also be regarded as a
direct discretization of system NS [3, 6, 13, 14]. The formulation of the projection method on staggered
grids in discrete space is appealing, but it is still unclear how we should interpret the circumvention
of the pressure boundary condition, since the discrete implicit equation is very similar to a discretized
Poisson equation for the pressure. This prompts research question II: Which continuous pressure Poisson
equation problem leads to the standard staggered projection method, that apparently does not require a
pressure boundary condition?

In the answers to this and the first research question, PPE3 plays a central role. System PPE3 is
not introduced for computational efficiency but for theoretical purposes, such as the clarification of the
connection between PPE systems and the projection method, the clarification of the PPE paradox, and
the derivation of the wall value of dp/dn implied by the projection method. An appealing theoretical
feature of PPE3 is that it is just the standard Poisson equation supplemented with the Neumann pres-
sure boundary condition and a simple additional condition that can be implemented without a matrix
influence method and Green’s functions.

If the pressure boundary condition for a pressure Poisson equation is based on a component of the
momentum equation, like in Eq. (5), it is important that the terms used in that component of the
momentum equation are continuous in the near-wall limit. A quantity is called discontinuous in the
near-wall limit if the space-time limit approaching some point on the wall does not exist. Possible
discontinuities in the tangential directions are an important reason to derive the boundary condition
from the normal component momentum equation and not from the tangential ones; in Refs. [5, 7] the
use of the normal component has been justified with reference to an analytical result in Heywood and
Rannacher [16], but unfortunately precisely this result is contradicted in later literature by another
analytical argument [8], as will be explained later on. For these reasons we will numerically explore the
regularity of a solution of the Navier-Stokes equation with a focus on the near-wall behaviour of the
pressure gradient and other terms in the momentum equation.

The main reason of the problems and contradictions in literature on PPE systems seems to be that,
despite the smooth initial condition, the solution of NS for wall-bounded flows is not necessarily smooth.
Problems particularly arise in the limit ¢ — 0, since the initial condition does not necessarily satisfy the
compatibility conditions that follow from the requirement of infinite differentiability in space and time
of the solution on I' at t = 0 [15, 16]. To specify a divergence free initial condition u that satisfies the
compatibility conditions seems desirable, but this appears to be very difficult. Consider for example the
conditions that would arise if we would require continuous du/0t on I', which can be expressed as three
boundary conditions for the initial pressure p°:

3up

Vp? = V2l + £ —u’ - vul — W(X, 0) on T, (8)



in combination with V2p® = V - (—u® - Vu® + ), where f = f(x,0). To find a divergence-free u’,
such that a p® exists that satisfies above three boundary conditions and the Poisson equation, is far from
trivial.

At this point we rephrase two theoretical regularity results for system NS:

e H1980 (Heywood [15]; Theorem 9, see also [17]). There exists a classical solution (u, p) of problem
NS on some time interval (0,7"), such that (a) u is smooth (C*°) on Q x (0,T), (b) u is continuous
on Qx[0,T) (so also at t = 0 and at the wall T'), and (c) the first- and higher-order time derivatives
of u are continuous on Q x (0,7) (so also on I', but not necessarily at ¢ = 0).

e HR1982 (Heywood & Rannacher [16]; Proposition 2.1). Define the pressure p° as the solution of
the (generalized) Poisson equation in system PPE1 at ¢t = 0. The solution p° exists, is unique up
to a constant, and is continuously differentiable on 2. A classical solution u, p of NS satisfies

[Vp—Vplla —0  if  t—0, (9)
where ||.||2 denotes the Lo-norm on €.

The first result (H1980) is important, but it does not state that the existing solution is unique nor that
it exists for infinite time. Apparently, HR1980 does not rule out ill-posedness of system NS. The second
result (HR1982), which has been used to justify PPE systems with a Neumann boundary condition [5],
is controversial, in the sense that Lemma 3 in Ref. [8] claims the opposite, namely that the pressure
gradient is discontinuous at ¢ = 0 (lim;_||Vp — Vp°||2 > 0).

Reflecting on what is theoretically known about the initial boundary value problem of the Navier-
Stokes equations in wall-bounded domains and the apparent confusion this problem has caused, one may
wonder whether Direct Numerical Simulation (DNS) of wall-bounded incompressible flow started from an
‘incompatible’ initial condition has a sufficiently sound mathematical basis. This and the relation of this
topic with PPE systems prompts research question III: What is the near-wall behaviour of a solution of
the Navier Stokes equations obtained in typical DNS, in particular the behaviour of the pressure gradient
near the wall at t = 0 and in the chaotic turbulent regime? To answer this question, we will revisit
DNS of incompressible turbulent plane channel flow at Re, = 180 [18, 19, 20, 21, 22, 23, 24, 25, 26].
We will precisely define the initial boundary value problem solved by the DNS, and show accurate and
well-validated results that focus on the research questions above.

The same staggered projection method is used for the investigations of both research questions II
and ITI. This projection method is embedded into a low-storage explicit second-order Runge-Kutta
scheme. The pressure is frequently only first-order accurate in projection or fractional step methods
[13, 14, 27, 28], but it will be shown that the second-order temporal accuracy of the present method is
second-order, provided the pressure at time level n is not identified with the pressure computed in the last
stage of time step n, but with the pressure computed in the first stage of the next time step (specifying the
time level on the Poisson equation with right-hand side 7, p"*?! is defined by V2p"t! = pntl = pn+1.0,
that Poisson equation is solved in the first stage of the next time step). This result was obtained
independently of a recent and interesting paper of Sanderse & Koren [14], where the same notion can
be found. The result is important in the present context, because it shows that it is possible to use the
projection method to compute the pressure at time zero.

The main new points of the present paper are related to the above three research questions:

1. There exists a pressure Poisson equation system (PPE3), which is based on the standard Poisson
equation (4) with Neumann pressure boundary condition (5). The additional near wall condition
makes PPE3 equivalent to NS for smooth solutions, and a simple implementation of PPE3, which
does not involve Green’s functions, exists.

2. An analytical derivation and a numerical verification that a straightforward discretization of PPE3
on a staggered mesh is equivalent to the staggered discretization of NS (projection method) and to
the staggered discretization of PPE2. The derivation of these equivalences shows how the staggered
projection method, which does not need a pressure boundary condition, is related to PPE systems,
which do need a (derived) pressure boundary condition. The derivation also sheds light on the
PPE paradox and leads to an approximation of the wall value of dp/dn, which is not required but
implied by the projection method.



3. A numerical investigation of the regularity properties described by H1980 by means of accurate and
well-validated DNS of plane channel flow that develops from a clearly prescribed three-dimensional
initial condition into a fully developed turbulent flow. The numerical solution appears to have the
properties of the (possibly non-unique) solution described by H1980, in particular spatial continuity
of the time derivative on the wall (H1980c): the vector equation Vp = vV?u+f —u- Vu — du/ot
on I, initially violated, appears to be valid immediately after ¢ = 0, and also in the turbulent
regime. In fact the numerical results indicate stronger regularity than described in H1980; the
only discontinuities observed are those of the tangential viscous terms and the time derivatives of
the tangential velocities on the wall at ¢ = 0. The numerical results also indicate that HR1982
is correct and Lemma 3 in Ref. [8] is not correct, as in the limit ¢ — 0 the pressure gradient is
shown to converge to the initial pressure gradient in the maximum norm, which is even stronger
than HR1982.

The remainder of this paper is organized as follows. In section 2 we will present the discretization
of system NS by an explicit projection method on a staggered grid. In section 3, we will analyze the
equivalences between NS and the PPE systems, first for the continuous case and then more extensively
for the discrete cases (research questions I and II). In sections 4-5, a specific channel flow case will be
considered. In section 4, the simulation cases will be defined, and the spatial and temporal accuracy
of the projection method of section 2 will be validated. In section 5, the discrete equivalence between
PPE3 and NS will be numerically verified and the pressure boundary condition provided by PPE3 will be
evaluated in a DNS (research question IT). Furthermore, the near-wall behaviour of the pressure gradient
and other terms of the Navier-Stokes equation will be numerically investigated both in the limit ¢ — 0
and in the turbulent regime, and theorems H1980 and HR1982 will be revisited using the DNS results
(research question IIT). Conclusions will be presented in section 6.

2. An explicit projection method on a staggered grid

2.1. Temporal discretization

For the time integration in projection methods it is common to use the explicit second-order Adams-
Bashforth method for the convective terms and the implicit second-order Crank-Nicolson method for
the viscous terms, see e.g. [13, 29, 30]. Due to the time splitting error, the pressure is then not
the true pressure but a pseudo-pressure. Several authors [13, 27, 28] demonstrated that the formal
temporal accuracy of the Adams-Bashforth / Crank-Nicolson method is only first-order in wall-bounded
flows. Perot [13] proposed an improvement that made the velocity second-order, but the pseudo-pressure
remained first-order accurate in time. A second-order prediction of the pressure can be obtained after a
correction with a term proportional to the Laplacian of the pseudo-pressure [31].

Two drawbacks of the Adams-Bashforth method are that it is not self-starting (u"~! is required) and
unconditionally unstable in the inviscid limit. These limitations are overcome in a frequently employed
variant, in which the convective terms are treated with an explicit Runge-Kutta method [32, 33, 34],
and according to the latter two references, the pressure at the new time level is then identified with
the pressure computed in the last stage of the time step. Several computations of incompressible flow
have been performed with an explicit Runge-Kutta method applied to both convective and viscous terms
[26, 14]. Runge-Kutta methods are self-starting, have no time-splitting errors if the pressure is computed
in each stage, have in general good stability properties, and can be made higher-order accurate in time,
also for the pressure [14].

The present projection method is embedded in a low-storage Runge-Kutta scheme with Runge-
Kutta coefficients a,, (m =0,..., M — 1), and associated coefficients o, = a,, At. Each time step n + 1
corresponds to At = t"T1 —¢" and consists out of M stages. The time levels of the stages are denoted by
tmm where "0 = " and "™+ = 70+ o/ for 0 < m < M. Thus t"™ = ¢"*1 provided ap;_; = 1. A
quantity superscripted with n, m is evaluated at time ¢t™". At the beginning of each time step the start
velocity field u™ at time ¢" is stored as u™°. Then M stages follow. Stage number m +1 (0 < m < M)
contains three substeps:

1. compute the intermediate velocity

u* = un,o + Oz;n[—lln’m - Vur™m o+ yv2un,m + fn,m]; (10)
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Figure 1: Stability regime for the low-storage three-stage RK method with coefficients ag = 1/3, a1 = 1/2, and ag = 1.

2. solve the Poisson equation

VI = (V- u) o) (1)
3. update the velocity
ummt = ut — o Vptm. (12)

The velocity u”*! at the new time level is equal to u™. The unconventional element in this scheme is
that the pressure computed in stage m is labeled with index m instead of m + 1, although the latter is
common in literature, see for example [33, 34]. In the present paper, the pressure at time ¢" is defined
by p® = p™". With this definition of p™, not only the velocity, but also the pressure signal satisfies
the formal order of accuracy of the Runge-Kutta method, provided the normal velocity on T' is time-
independent [14]. The definition implies that at the end of a time step the pressure at level n+ 1 is not
known yet; it becomes available in the first stage of the next time step.

For the simulations in this paper, a three-stage Runge-Kutta method (M = 3) was chosen, with
ag =1/3, a1 = 1/2 and as = 1. This low-storage scheme is third-order accurate for linear and second-
order accurate for nonlinear systems. The M-stage Runge-Kutta method for general coefficients o,
can be found in Ref. [35]. The Taylor expansion and the requirement of M*"-order accuracy for linear
systems imply the coefficients a,, = 1/(M —m), where M = 2 recovers modified Euler, M = 3 the three-
stage method, and M = 4 the four-stage method in Jameson & Baker [36]. The four-stage method, also
second-order accurate, has successfully been applied in DNS of turbulent flows [37, 38]. The stability
region of the three-stage method is defined by |1 + e Z + e Z? + a0a1a223| < 1 and shown in Fig.
1. Since the imaginary axis is inside the stability region for Im(z) < 31/231/2 is the maximum Courant
number for stability in the inviscid limit. There are several third-order accurate three-stage Runge-Kutta
schemes [14], but the simplicity of this particular three-stage scheme is appealing.

2.2. Spatial discretization

The spatial discretization is defined on a staggered grid, where the pressure and velocity divergence are
defined at cell centers and the velocity components at cell faces [10]. Staggered finite difference methods
have several advantages above colocated finite difference and spectral methods. Unlike colocated finite
difference methods, staggered methods lead to a strong coupling of neighbouring pressure points without
additional treatment. For the simulation of flows in complex geometries, finite difference methods are
much more flexible than spectral methods. The staggered second-order scheme [10] has been generalized
to higher order [39, 23], to body-fitted grids [40] and is also frequently used in immersed boundary



methods for flows with complex geometrical features [41]. In the present study the staggered second-
order scheme is used [10]. The interpolation of the convective velocities is such that the convective
scheme is also energy-conserving on a nonuniform grid [23].

We consider a staggered grid that is uniform in the z- and z-direction (mesh spacings h, and h.), but
nonuniform in the wall-normal direction, the y-direction. Let N be the number of cells in the y-direction.
The staggered grid locations where v is defined are given by

Ysj = 2Ly, (1+ tanh(—y + 275 /N)/ tanh(y)), j=0,.,N, (13)
where the end locations (j = 0, N) coincide with a wall. The cell-center locations are defined by
Yej = 2L, (1 +tanh(—y +2y(j — 1)/N)/tanh(v)), j=0,...,N+1, (14)

where j = 1, ..., N refers to the cells inside the domain. The last equation also defines the cell-center
locations of a layer of ghost-cells outside the domain (y.,o and y. n+1). The grid spacing in the normal
direction is defined by

hej = Ysj— Ysj—1s j=1,..., N, (15)
hsJ‘ = Ye,j+1 — Ye,j5 j = O7 ceny N +1. (16)

The stretched grid is smooth in the entire domain also near the wall, and we will clarify that this property
is crucial for the computation of the near-wall limit.

The discrete u is defined on the entire grid, which means that the tangential velocities u and w are
also defined at the ghost-cells at 5 = 0 and j = N + 1, and that the normal velocity v is also defined
on the walls (5 = 0, N). For an efficient implementation of the viscous terms in an explicit method, the
concept of ghost-cells is very convenient, since it leads to an identical structure of the discretization at
each internal point. However, it is stressed that the ghost-cells are not used for the pressure p™™, which
is therefore only defined at internal points (1 < j < N).

The convective terms are discretized in the momentum-conserving divergence form (derived from the
finite volume approach). For example, the term dv?/dy in the v-equation, required at at y-location ys ;,
is discretized by

[%(Uj +'Uj+1)2 — i(vj71 +Uj)2]/hs’j. (17)
It is remarked that the other convective derivatives with respect to y, d(vu)/0y and d(vw)/dy, are
independent of the wall values ur and wr in case the normal wall velocity vr equals zero. The divergence
form of the convective terms requires velocities to be interpolated from one staggered location to the
cell-face of the same or another velocity component. All interpolations to obtain velocities on cell faces
are simple averages over two adjacent points. The weights of these averages are % and % for the velocities
in the seven derivatives d(uu)/0x, d(vu)/dy, O(wu)/dz, O(uw)/dz, (vw) /Ay, d(ww)/dz, and d(vv)/dy.

In the discretization of d(uv)/dz, v is also interpolated with the weights 2 and %, but the convective

velocity u is interpolated by (he;u; + he jy1uj+1)/2hs,j, which can be ded2uced from the finite volume
formulation in Ref. [23]. The latter interpolation rule is also used for the convective velocity w in
d(wv)/0z. The selected interpolations lead to an energy-conserving convective scheme on the present
nonuniform grid (this was verified, see section 4.2).

Turning to the viscous terms, the z- and z-derivatives in the velocity Laplacians are discretized
with the compact second-order stencil (three points). For example, 9?u/dz? is discretized as B, , =

(wi—1 — 2u; +u;11)/h2. With respect to the derivatives in the y-direction, 8%u/9y? is discretized as

Ujt1 — Uy _ Uj — Uj—1
hs.j hs,j—1

(Buyu); = [ [/he.; (18)

and similarly B, ,w approximates 9*w/dy?. Further, 9*v/9y? is discretized as

Vi1 —Vj U —Uj_q
(Boyv); = [ J;{ " L h T—1/hs.j- (19)
C,J (W)

The subscripts u, v or w in the operator B denote that the result of the discrete operator is defined on
staggered u, v or w locations, respectively.



N | Extrapolation (20) | Extrapolation (21)

64 -2.00127 -1.5295
128 -2.00032 -1.5147
256 -2.00008 -1.5073

Table 1: Results for discretization (18) applied to y(2 — y) in cell j = 1 for two different extrapolations at the wall. The
analytical value equals —2. Results are shown for three resolutions, in each case v = 1.4.

Since the wall at ys y is treated in the same way as the wall at y, ¢, it suffices to limit the pre-
sentation of the velocity boundary condition to the wall at y,9. The wall boundary condition for v
is straightforward: vy = wp. Since, unlike the discrete v, the discrete v and w are not defined on the
walls, the discretization of the boundary conditions for u and w on the wall at ¥, ¢ is more complicated
and involves the ghost-cells at y.o. The velocities u and w in these ghost-cells are determined by a
fourth-order extrapolation,

ug = ur + B1(u1 — ur) + B2(uz — ur) + Bz(us — ur). (20)

The grid-dependent coefficients 31, 82 and (5 are specified in Appendix 1. With Eq. (20) the approxima-
tion of 9%u/0y? is locally second-order in the entire domain, provided the stretching function is smooth
and its derivative is nonzero (also across the wall).

The standard second-order (linear) interpolation,

Ug = 2ur — U and Ye,0 = —Ye,1, (21)

is not used, because it leads to zeroth-order local accuracy of 9%*u/dy? near the wall [3, 5]. This is
unsuitable for our purpose to study the near-wall limit. As an example, Table 1 shows results for
0?u/0y? with u = y(2 — y) in the point y.; approximated by (18) using extrapolations (20) and (21)
on three different grids. Both cases seem to converge with grid-refinement, but only extrapolation (20)
converges to the correct value near the wall. It is remarked that the global truncation error (the error
in u and p) is second-order accurate, also if the standard extrapolation (21) is used [42].

With the definition of the convective and viscous schemes the intermediate velocity u* can be obtained
at all internal grid points. We proceed with the discretization of the Poisson equation. The discrete
pressure gradient operator is denoted by G = (G, Gy, G,), while the discrete divergence operator is
denoted by D = (D,, D,, D,). The discretized form of the Poisson equation reads

D-Gp™™ = (D - u*)/ol,,. (22)

The operators D,, D,, G, G, do not interfere with the walls. In the normal direction, the operators
are defined by

(Gypn’m)j = (pﬁ-ﬂf - p?’m)/hsyjﬂ j=1.,N—-1, (23)
and
(Dyv*); = (vj =vj_1)/hej,  j=1,...,N. (24)

The discretization of 8?p/dy? in the Poisson equation equals D,G,p™™. It can be convenient to use a
modified definition of D, near the walls [6, 13, 14], but we prefer not to do so, to keep the structure of
the discrete Poisson equation as close as possible to the structure of a continuous Poisson equation. As
a consequence, Poisson equation (22) involves (Gyp™™)r and vf, the values of v* and G,p™™ at j =0
and j = N, which have not yet been defined.

Before we specify the latter two quantities, we discretize the third substep of the projection method,

un,m+1 —ut — Oé;nGpn’m, (25)

which is used to obtain the new velocity u™™*+! at all internal grid points. It is not used to obtain the

normal velocity v™™*! on the walls, since these values are directly provided by the prescribed velocity
boundary condition vp at t™™+1. In the execution of the third substep, the pressure gradient Gp™™
needs to be computed at internal points only.



The momentum balance in the projection method is expressed by the third substep. A continuous
solution of the velocity acceleration requires the momentum balance to be satisfied on the walls as well.
Since (25) is not required to update the velocity at the wall, it is used to define the relation between the
wall values of Gyp and v*, which implies [3]

(Gyp™™)r = (o —op ™) .. (26)

This is the Neumann boundary condition used for the Poisson equation in the projection method formu-
lated with unmodified definition of D. With definition (26), the discrete momentum balance (25) for v
also holds on T'. Since (25) is now satisfied for 0 < j < N, we can apply the discrete divergence operator
o0 (25), which yields

D-u""" =D.u" —a/,D-Gp=0, (27)

in all internal cells, provided Poisson equation (22) is satisfied in all internal cells.

An essential feature of the explicit projection method is that the numerical solution is independent
of the value of v}, see section 6.3.1 in [3]. This is also the case for the present multistage method; if
we write out Poisson equation (22) at y. 1, move —(Gp™™)r/hc1 to the right-hand side and substitute
(26), the term with v}t cancels and we obtain

G P opmh

=2~ + DG p"" = (Dyu* + ot S D.w*)/al,, (28)
hs71hc,1

D.G.p™™ +
hc71

which shows that the solution p™™ in the interior of the domain does not depend on v} = vj. Equation
(28) clearly shows that the staggered discretization does not need a pressure boundary condition.

Equation (28) can also be directly derived from the staggered discretization of the primitive equations
[3, 6, 13, 14]. Tt is remarked that (28) has not the form of a Poisson equation, since the left-hand side
does not represent the true value of VZp™™ at y.1. Strictly speaking, (28) is not a discrete Poisson
equation, we need to take one step to transform (28) into a discrete formal Poisson equation. This has
not a practical purpose, since (28) is quite convenient to define the coefficient matrix and the right-hand
side of the implicit pressure equation solved in practice. To take this formal step is nonetheless useful,
since it will give us information about the underlying continuous PPE problem. So starting from (28),
how is this last formal step taken? Subtract —(G,p™™)r/h1 from both sides of (28), and substitute
for (Gyp™™)r on the right-hand side a discrete Neumann boundary condition. How is this boundary
condition obtained? In case of the projection method, it is simply derived from the requirement that the
normal momentum equation (25) should be satisfied on the walls, which leads to (26). Thus the reasoning
in the discrete case is entirely analogous to the reasoning in the continuous case. The continuous Navier-
Stokes equations do not need a pressure boundary condition, but the derivation of a Poisson equation
from the Navier-Stokes equations increases the order of the system and therefore additional boundary
conditions are needed, boundary conditions that should be derived from the original Navier-Stokes
problem, or more precisely from suitable regularity conditions imposed on the Navier-Stokes equations.
For example, the Neumann pressure boundary condition follows from requirement that dv/9dt should be
continuous in space on Q (which includes T).

Since the numerical solution is independent of vf, any value can be chosen for vf:. For the simulations
in the present paper v = vp™ " was used. This choice is convenient, since the Poisson equation can
then be solved with the simple homogeneous Neumann condition, (G,p™™)r = 0. For v = v?’mﬂ, Eq.
(22) is not only equivalent to Eq. (28), but directly reduces to it. Although the solution in the interior
does not depend on v}, (Gyp™™)r does depend on vf. Therefore, for most choices of vf, including
v = v?’mﬂ, the corresponding (Gyp™™)r defined by (26) does not represent the physical pressure
gradient on the wall. Which definition of vf does provide a physical value of (G,p™™)r will become
clear in the next section.

The solution (u”,p™) at t" is equal to (u™°,p™°), which is available when the Poisson equation in
the first stage of a time-step has been solved. If the field at t™ is needed for post-processing, this is the
moment to write it to file. Alternatively one could compute p™ at t" by solving an additional Poisson
equation at the end of time step n and then skip the computation of p™°, which was actually preferred
in Ref. [14]. The present variant has the advantage that memory can be saved, since there is no need to
store the pressure during the computation of the convective and viscous terms.
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In this work, the discrete Poisson equation was solved down to machine precision by a direct method,
FFT for the homogeneous directions and the inversion of the tri-diagonal matrix in the normal direction
by two sweeps of Gauss-elimination. As a result, the divergence of the velocity u™™ was zero down to
machine precision (after the wall-boundary condition to v™™ in substep 1 was applied). The spatial
integral of the solution of the Poisson equation was set to zero by subtracting the spatial average. The
discrete integral of the pressure was defined as a summation over all grid cells after multiplication of the
cell-centered value with the local cell-volume hh. jh..

3. Equivalence between NS and PPE systems

To investigate the issues addressed in research questions I and IT formulated in the Introduction, we
analyze the smooth and discrete equivalence between NS and several PPE systems, with a focus on PPE
systems with the Neumann pressure boundary condition.

3.1. Smooth equivalence

Although, as explained in the Introduction, solutions of system NS and the PPE systems are not
necessarily smooth, it is instructive to analyze ’smooth equivalence’, i.e. the equivalence of the systems
for smooth solutions. The four PPE systems, PPE(-3 defined in the Introduction, have all been derived
from NS by differentation and combination of the equations and boundary conditions. Therefore, a
smooth solution of NS is also a solution of the four PPE systems.

Reversely, suppose that (u,p) is a smooth solution of one of the four PPE systems. The systems
PPEO, PPE1 and PPE3 have the same Poisson equation (4), but different boundary conditions. For a
smooth solution (u,p) of one of these systems, subtracting (4) from the divergence of the momentum
equation leads to

%V~u:1/V2(V-u) (29)
defined in Q [7]. For PPEOQ, this divergence diffusion equation implies V - u = 0 for all ¢, since PPEQ
imposes V-u=0on I and V-u" = 0 [7]. Therefore, a smooth solution (u,p) of PPEQ is also a smooth
solution of NS. For PPE1, the divergence diffusion equation does not imply that V - u = 0 remains
zero for all times; nonzero divergence might emerge on the wall and then diffuse into the interior of the
domain. An example of a smooth solution that does not remain divergence free can be found in section
3.10.3 in Ref. [7], for a PPE1 problem based on the Stokes equations. System PPE2 uses another Poisson
equation, Eq. (6). Application of the divergence to the momentum equation (2) and subtracting (6)
leads to 9(V -u)/0t = 0 for all ¢. Since V-u =0 at ¢ = 0 and the solution is assumed to be smooth,
V -u =0 for all ¢ is implied; a smooth solution (u,p) of PPE2 is also a solution of NS [7].

For PPE3, constraint Eq. (7) implies V2V -u = 0 in the neighbourhood of T. It follows from Eq. (29)
that 9(V - u)/0t = 0 in that neighbourhood, and hence V - u = 0 for all ¢ in the same neighbourhood,
since also V - u® = 0. Equation (29) with zero value of V - u in a neighbourhood of T' and V - u® = 0
implies V-u = 0 in Q for all . So a smooth solution (u, p) of PPE3 is also a solution of NS. We conclude
that PPE3 is smoothly equivalent to NS, like PPEQ and PPE2.

If two systems A and B are equivalent and A has a unique solution (is well-posed), B has also a
unique solution; the equivalence implies that B has at least one solution and if B had multiple solutions,
A would also have multiple solutions, such that the solution of A would not be unique.

Important differences between PPE3 and the other PPE systems can be expressed as follows. Whereas
PPEOQ requires Green’s functions to obtain the (Dirichlet) boundary condition of the Poisson equation,
PPE3 uses the Neumann boundary condition, which is much simpler to evaluate. Whereas PPE1 is not
smoothly equivalent to NS, PPE3 is. Whereas PPE2 needs the paradoxical inclusion of the viscous term
in the Poisson equation (PPE paradox), PPE3 does not require this paradoxical term.

As indicated in the Introduction, the formulation of system NS is such that the solution is not
necessarily smooth. Formal equivalence between PPE3 (or PPEO or PPE2) and NS for non-smooth
solutions seems to be a much more complicated problem than the equivalence for smooth solutions.
Instead of that question, we will address a related but simpler question: Is it possible to prove discrete
equivalence, i.e. equivalence between suitable discretizations of PPE systems and the discretization of
system NS (the projection method of section 2)?
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3.2. Discrete equivalence

The discrete equivalence between NS and PPE systems will be presented in the following order.
After discussing the constraint on the initial divergence, we will consider a discretization of the primitive
equations (the MAC method), the projection method, a discretization of PPE2, and finally a discrete
version of PPE3. The equivalence of these four discrete systems will be discussed and proven, if required.

The derivation of a PPE involves a spatial differentation of the momentum equation, but also a
temporal differentation of the continuity equation. Due to the latter, a PPE system needs an additional
initial condition, which is V-u = 0 at ¢ = 0 (see the literature on discrete algebraic equations, for
example [7]). Although the physical condition V- u® = 0 is also assumed for system NS, this is formally
not necessary; without this property, the (discontinuous) solution of NS will still satisfy V- u = 0 for
t > 0, since that equation is imposed for ¢ > 0. We recognize this feature of NS in the projection method:
after one stage the discrete divergence is zero, even if the initial velocity field is not divergence free. For
a PPE system, however, a divergence free velocity for ¢ > 0 can only be obtained if the integration is
started from a divergence-free velocity at ¢t = 0 [7]. If we had defined NS without V - u® = 0, then the
initial condition V - u® = 0 in the PPE system would follow from the regularity requirement that V - u
should be continuous on [0,00) x Q. Thus for the discrete PPE systems we require that the discrete
divergence of the initial velocity is zero, D - u%? = 0. Unlike the discretization of NS by the projection
method, a discretization of a PPE system needs this to produce a solution with zero discrete divergence
down to machine precision.

The MAC method is a direct discretization of system NS on a staggered grid. It does not involve a
definition of a pressure boundary condition on I'. Stage m+1 (0 < m < M) of the present Runge-Kutta
method applied to the MAC method can be described as follows. First the ghost-cell values of uw™,
w™™ and the wall values of v™™ are set. Also the wall values of v™™*! are set. The discrete continuity
and momentum equations at internal points are:

D.-u™" ! = o, (30)
un7m+1 o Gpn,m _ un70 + a;n[_an,m + b + fnm] (31)

The symbols a™™ and b™" refer to the discretizations of the convective and viscous terms, respectively,
and also include the implementation of the no-slip boundary condition as described in section 2.2. The
vector of unknowns consists out of the internal values of (u™™*! p™™). Most known terms appear on
the right-hand side, but the known terms in the continuity equation (the boundary value of the normal
velocity U;L’mﬂ) are kept on the left-hand side, since we prefer the use of an unmodified D, as explained
in section 2.2. Since the continuity equation is defined at the same locations as the pressure, the number
of unknowns in (30-31) is the same as the number of equations; in principle (30-31) can be solved directly.
The structure of stage m + 1 of the projection method is (section 2.2):

u* _ un,O 4 afm[_an,m +bn,m 4 fn,m]7 (32)

(Gyp™ ™) = (vf —op™ ) /0l (33)
D-Gp»™" = (D-u")/al,, (34)
uvmtl u* —al, Gp™™. (35)

All known quantities are on the right-hand sides, except v, but u™™*! and p™™ do not depend on this
quantity. The projection method is equivalent to the MAC method, since it can be derived from the
MAC method and vice-versa [3, 6, 13, 14].

Next we proceed with the PPE systems. For these systems we need to assume D - u®? = 0, which is
not required for the MAC and the projection method. The discrete PPE2 on a staggered grid is given
by

d* — _a’VL,TTL + b’l’L,m + f’ﬂ/,m7 (36)
(Gyp™™)r = di = (op™ " — o) /al,, (37)
D-Gp*™ = (D-d)/al,, (38)

un,m,-‘,-l — un,O + Otgn(d* _ Gp"’m). (39)
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If D-u™ = 0, the application of the discrete divergence operator to the last equation yields D-u™™*! = 0
at points where the discrete divergence is defined. Since D-u®? = 0 by definition, an induction argument
implies D - u™" = 0 for all n,m. Like the projection method does not depend on v}, the discrete PPE2
does not depend on (dy)r, the boundary value of the normal component of d*.

System PPE3 discretized on a staggered grid is given by

at = —amm g, (40)
(by™r = (by™)1 + hea(Daby + D2b2)a, (41)
(Gyp™™)r = (O™ +ap — (vp™ " = o)/, (42)
D -Gp"™ = (D-a")/a,, (43)
um ™t = w0 p ol (af — Gp™™ + b)), (44)

The second equation prescribes the boundary value of the normal component of the viscous term, which,
in PPE3, is a direct consequence of the discretization of the zero divergence of the velocity Laplacian
near the wall at location y. ;. A similar equation imposed at y. x provides the boundary value at y, v.
Like the projection method and PPE2 do not depend on vf: and (cl*)p7 PPE3 does not depend on the
boundary value (a;)r. Note that if the velocity on the boundary does not depend on time, the physical
value for (ay)r simply equals (f,)r, since the convective term on the boundary is then zero (see the
remark below (5)).

Application of the discrete divergence to momentum equation (44) and subsequent substitution of
the Poisson equation (43) implies the discrete divergence diffusion equation

D.u""*! =D.u™ +a),D-b"", (45)

for Runge-Kutta stage m + 1. An important statement of the staggered viscous approximation of the
viscous terms is:

If D-u™ =0 for 1<j<N, then D-b™»" =0 for 2<j< N -—1. (46)

See Appendix 2 for a proof of this statement. If D -u™™ = D -u™" = 0 in all cells, then this statement
and (41) imply that D - b™™ = 0 in all cells, such that the discrete divergence diffusion equation (45)
implies D - u™™*+! = 0. Since D - u%? = 0 by definition, we have D - u™™ = 0 for all n, m.

The equivalences between the MAC method, the projection method, the discrete PPE2 and the
discrete PPE3 can be proven by showing that the solution spaces are the same. We sketch such a proof
for the equivalence between the projection method and PPE3. Suppose (u™™, p™™) is a solution of the
projection method. Then D - u™™ = 0. Define (40-42) and derive (43-44) from (32-35), (40-42) and
from the fact that D - b™™ = 0, due to (41) and (46). Thus (u™™,p™™) is also a solution of PPE3.
Reversely, suppose (u™™, p™™) is a solution of PPE3. Then D - u™™ = 0 and D - b™"™ = 0 (proven
above). Define (32-33) and derive (34-35) from (40-44). Thus the solution of PPE3 is also a solution of
the projection method.

Comparing the projection method, PPE2, and PPE3, we see a remarkable structure. In fact each of
these methods uses projection, but the scope of the projection is different in each case. In the projection
method, the convective term plus forcing term plus viscous term plus old velocity divided by o, is
projected to obtain a divergence free velocity. In PPE2, only the convective plus forcing plus viscous
term is projected. In PPE3, only the convective plus forcing term is projected. In each case the discrete
Neumann pressure boundary condition is derived from the discrete normal momentum equation on the
boundary; the requirement that for the v-component (35), (39) or (44) should hold on T' implies (33),
(37) or (42), respectively. With each limitation of the scope of the projection, a new condition needs
to be added. PPE2 and PPE3 skip the initial velocity from the projection scope, and therefore they
need zero initial divergence of the velocity in order to obtain zero divergence for ¢ > 0. PPE3 skips the
viscous term from the projection scope, and therefore it needs zero divergence of the velocity Laplacian
near the boundary to keep the velocity divergence free.

In each of these three cases only (Gyp™™)r is influenced by the wall value of the projected term, vf:,
df and af., respectively. The discrete internal solution (u™",p™™) does not depend on the wall value of
the projected term; by substitution of (G,p™™)r into the Poisson equation not only (G,p™™)r, but also
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the wall value of the projected term can be eliminated. The equation after the eliminations is of course
correct and very convenient in practice, but this equation has not the form of a direct discretization of
a Poisson equation, since the left-hand side does not represent the physical V2p (see also the discussion
after Eq. (28)).

8.8. Discussion

Next we discuss in some more detail implications of the previous section for the PPE paradox (why
does PPE2 work while PPE1 does not?) and the physical pressure Neumann condition not required but
implied by the projection method. In addition the pressure correction method (SMAC) will be discussed.

A discretization of PPEL is obtained if (41) is replaced by

J
by™r =bp = > ¢(by);, (47)
j=1

which is a straightforward extrapolation of the discretized vV?v from the interior. Here J is an integer
value, and (; are coeflicients such that a fourth-order approximation for vV?2v on the wall is obtained.
After the first stage in the first time step, D - u%! is zero for 2 < j < N — 1, which follows from
D - u%% = 0, statement (46) and equation (45). However, D - u%! will in general be nonzero at y. 1,
since statement (46) is in general not valid at j = 1. In the next stage the velocity divergence will then
become nonzero at y. 2 and so forth. Thus nonzero divergence emerges in the internal cells adjacent to
the wall and subsequently diffuses into the interior of the domain. This is the reason why the discrete
PPE1 is not equivalent to the discrete NS, unlike PPE3.

Thus the constraint of zero divergence of the velocity Laplacian in PPE3 is an essential one, it can
not simply be left out if the standard (simplified) Poisson equation (4) is used. The difference between
PPE1 and PPE3 (see also section 5.4) shows that the appearance of the wall value of the viscous term b,
in the Neumann pressure boundary condition influences the internal solution. In this respect both PPE1
and PPE3 differ from PPE2 and the projection method, in which the numerical value of the viscous
term in the definition of (Gyp)r does not matter. Compared to PPE1 and PPE3, due to the inclusion
of the viscous term in the Poisson equation, PPE2 is more similar to the standard projection method
and does not require an additional constraint on the divergence of the velocity or velocity Laplacian on
or near the wall. In PPE2 (and in the projection method), it does not matter that, for arbitrary (b,)r,
D - b is in general nonzero in the cells j = 1 and j = N. In these cases, divergence errors induced by
D - b # 0 are automatically corrected in the projection step (when the pressure gradient is substracted).

As indicated in the Introduction PPE2 has been criticized in literature, in the sense that the problems
of PPE1 were also attributed to PPE2 [8]. Whereas this statement was already claimed to be unjustified
in Ref. [9] by arguments that involved weak formulations of the Stokes equations, the presently shown
discrete equivalence between PPE2 and NS can be viewed as a further justification of PPE2.

Another consequence of the equivalence between the discrete PPE3 and the projection method is
that it reveals the discrete physical Neumann pressure boundary condition, which is not required by
the projection method, but can be derived from the projection method. For time-independent velocity
on T, the physical approximation of (a;)r is simply (f,)r, and in the more general case, a physical
approximation of this quantity is given by —(a, )r+(fy)r, where (a,)r can be any consistent discretization
of u-VuvonT'. Then the approximation of (Gyp)r in PPE3 is the physical approximation of the boundary
value of Op/dy implied by the standard projection method:

(Gyp™ ™) = (by ™) + (f;™)r = (ay™)r = (op™ = op?) Jag,, (48)
with (b} )r defined by (41). Since the projection method is equivalent to the discrete PPE3, the choice
o = o+ al, (B3 + (3 ™)r = (a™)r) (49)

in the projection method and subsequent evaluation of (33) produces the same result as (48).

We finish this subsection with a discussion of the concept of pressure correction, proposed in the
SMAC (simplified marker and cell) method [43]. It appears that the introduction of pressure correction
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Simulation | System | p(t"*1) | At Spatial resolution
Al NS PFL0 [0.002 | 256 x 128 x 128
A2 NS PO | 0,001 | 256 x 128 x 128
A3 NS p? 101 0.0005 | 256 x 128 x 128
A3R NS PO | 0.0005 | 512 x 256 x 256
A4 NS pn L0 0.00025 | 256 x 128 x 128
Bl NS P2 0.002 | 256 x 128 x 128
B2 NS P2 0.001 | 256 x 128 x 128
B3 NS P2 0.0005 256 x 128 x 128
B4 NS p™2 0.00025 | 256 x 128 x 128
C1 PPE1 pnt L0 0.002 256 x 128 x 128
D1 PPE3 pnt L0 0.002 256 x 128 x 128

Table 2: Overview of performed simulations.

does not make the analysis essentially different. Pressure correction can be embedded in the present
projection method by reuse of the pressure p™™~! computed in the previous stage after the definition of
tml = n=LM=1 and p®—1 = 0. Then o/, Gp™™~! is substracted from u* in substep 1, p™™ is replaced
by p’ in substeps 2 and 3, and substep 3 is followed by the computation of p™™ = p™»™~! 4+ /. Clearly,
p’ is an approximation of (™™ — t™™~1)9p/0t, except at t = 0. In pressure correction methods it is
common to specify dp’/0n = 0 on a wall, see for example Ref. [44], although this is not proportional to
the true value of 9?p/dndt on I', because the true (physical) value is in general not zero. However, this
is not a problem, provided the correct relation between the wall values of G,p’ and v* is specified (Eq.
(26) with p™™ replaced by p’). Then the internal pressure does not depend on the wall values of G p’
and v*, since these can be eliminated from the equations, like in the original projection method the wall
values of Gyp and v* can be eliminated.

4. Numerical case definition and accuracy check

4.1. Case definition

In this section we define the turbulent plane channel flow simulated by DNS. The dimensions of the
domain are the same as in Ref. [21], L, = 4n, L, = 2 and L, = 47/3. The no-slip condition is u = 0
onT (y =0and y = L,). The forcing term is given by f = (1,0,0). As a consequence @, = 1, where
@, is defined as (vdu/dy)'/? evaluated on T', where %(y) is the mean streamwise velocity. The viscosity
equals ¥ = 1/180 and the Reynolds number equals Re, = u,L,/2v = 180. The Reynolds number
based on mean centerline velocity and L, is approximately 6500. The viscous length-scale is defined by
0, = v/u, = 1/180. The normal coordinate in wall units is defined by y, = y/d, = 180y.

The initial condition u® is defined as

2
2k 2k 2k
WL = ay(Ly—y)—i-bE cos me sin L7ry sin L7T27 (50)
k=1 ® Y ?
2
bL 2kmx 2kmy 2kmz
o _ by : _ i
0 = oL ,;: sin I (—1+cos I, ) sin L. (51)
2
bL, . 2k . 2k 2k
wh = pp 2 Pl L 2

with @ = 22.5 and b = a/10. This velocity field is divergence free and satisfies the no-slip condition
on the two walls. The discrete divergence of the initial velocity u’ defined above is only approximately
zero (with a second-order spatial truncation error). Therefore the discrete initial velocity is defined by
1% = u’ — G¢, where ¢ is the solution of D - G¢ = D - u?, such that D - ® = 0. It is stressed that the
variable ¢ is not the initial pressure but a purely numerical quantity. The correction —G¢ converges to
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Figure 2: Time-dependent behaviour of spatially averaged quantities for simulation Al; (a): (u), (solid), (u) at the
centerline divided by 10 (dashed), and bulk value [(u)dy/L, divided by 10 (dotted); (b) R;; for i = 1 (solid), 2 (dashed),
3 (dotted).

zero if the grid size converges to zero. The derived boundary condition for ¢ is also different from that
of the pressure. The boundary condition is Gy¢ = 0 on the walls, which is implied by the requirement
% = 00 on the walls.

Table 2 shows an overview of the performed simulations. The simulations Al-4 and A3R were
performed with the projection method described in section 2, which is a discretization of system NS. For
simulations B1-4 the same method was used, except that the pressure at the new time level was defined
as the pressure computed in the last stage of the time step. Simulations C1 and D1 were based on the
discretization of two nonequivalent PPE systems, PPE1 and PPE3, respectively. All simulations were
carried out in standard double precision (8-byte floating point). The grid stretching parameter v was set
to 1.4 in all cases. In all cases except A3R, the grid size in wall units was given by h,4 = 8.8, h,+ = 5.9,
and 0.98 < hy; < 4.5. The center of the first grid cell adjacent to the wall was at y. 14 = 0.49. These
values were two times smaller in the case with the refined grid (A3R). The time step in simulation Al
was At = 0.002. In case Al the (initial) maximum Courant number was about 1.0, while the maximum
diffusion number equalled 4vAt/h2; ~ 1.5, well within the stability region shown in Fig. 1.

The average over the spatially homogeneous directions (.) is a function of y and ¢. It was implemented
as a uniform average over all the grid points in xz-planes either at cell center location ¥, or at staggered
location y4, dependent on the definition of the quantity averaged. The statistical mean, denoted by an
overbar, is a function of y only, obtained by application of the average (.) and subsequent averaging
over time, based on samples between ¢ = 10 and ¢ = 30 (with a time interval of 0.1) from both sides of
the channel (using the appropriate mirror condition with respect to the centerline). Temporal averaging
over 20 time units was sufficient for the present purposes; tests with averaging over 90 time units in case
A1 did not lead to noticeable differences on the scale of the present figures. The wall friction velocity
was approximated by

i = (@1~ W)/ (Ye,r — yeo)]?, (53)

where Eq. (20) was applied to the mean streamwise velocity @. The numerical value of @ after averaging
over 20 time units was 1.000 and 0.999, for case Al and A3R, respectively. Since f, = 1 and total
momentum is conserved the numerical value of @, should converge to 1 in each case if the averaging time
approaches infinity.

Figure 2 shows the temporal development of the flow, which undergoes a transition from the simple
initial condition defined above to fully developed turbulent flow. Fig. 2a shows the quantity (u), =
(vd(u)/0y)*/? evaluated at y = 0, which is a friction velocity that depends on time; it is initially 0.5, it
increases and attains a value above 1.0 around ¢t = 2, and afterwards it decreases and fluctuates around
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Figure 3: (a) Mean flow @ and (b) velocity fluctuations (u? —@?)!/2 for z-direction i=1 (circles), y-direction i=2 (squares),

and z-direction ¢=3 (triangles). Simulation A1l (dashed), A3R (solid), and Moser, Kim & Mansour [21] (symbols).

1.0, the statistical value of u, = (u),. The center line and bulk values of (u) are also shown in Fig.
2a (divided by a factor 10). Fig. 2b shows the temporal development of the cross-sectionally averaged
diagonal Reynolds stresses based on (.), R;;(t) = [((u?) — (u;)?)dy/L,, where i denotes the spatial
direction. These quantities peak around ¢ = 2 and afterwards they saturate. For ¢ > 10 fluctuations
were similar to those shown between t = 5 and ¢ = 10. For an integration in the normal direction
the midpoint rule was used for quantities defined at y. locations and the trapezoidal rule for quantities

defined at y, locations.

4.2. Numerical accuracy

Standard turbulence statistics of the simulations A1 and A3R are shown in Fig. 3 and compared
with the data reported in Ref. [21]. The effect of the combined spatial and temporal truncation error is
illustrated by the difference between cases A1 and A3R for a given statistical quantity. Since the method
is second-order and the grid ratio equals 2 in each direction, estimates based on the Taylor expansion
show that the truncation error in A3R is about 1/3 of the difference between Al and A3R, and that
the truncation error in Al is about 4/3 times the difference. This and later comparisons between Al
and A3R confirm that the accuracy of A3R is good and the accuracy of Al sufficient for the present
purposes.

Figure 4 shows the evolution of the root of the average pressure variance R, (t) = [((p*)—(p)?)dy/L,
for different cases. Here the spatial and temporal truncation errors in the various cases cause visible
differences after ¢t ~ 1.5, and these differences show apparently chaotic behaviour after ¢ > 3, due to the
developed turbulence. The curves of simulations Al and D1, which have the same truncation errors, but
different round-off errors, are on top of each other until much later time (until ¢ ~ 7). Since round-off
errors are much smaller than truncation errors, physical instabilities triggered by the round-off errors
take more time to grow to a significant level.

The energy produced by the convective scheme (integral of innerproduct of convective term and
u) was verified to be zero to machine precision at all times. Although the viscous scheme could not
be proven to be formally negative-definite, no stability problems were encountered (except in case C1,
discussed in section 5.4). The robustness of the present method was further tested by coarsening the
grid of case Al. Simulations were performed on all grids 25+ x 2% x 2% with 1 < k < 7 and k an integer
value. All these simulations were numerically stable. In another test the physical viscosity was set to
zero, and also that simulation was stable.

We finish this subsection with a verification of the order of the Runge-Kutta method. Usually the
temporal order of numerical methods is shown for relatively simple test cases solved over a short time. We
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Figure 4: Average pressure fluctuation R,l,f. Simulation Al (dashed), A3 (dash-dotted), A3R (solid), and D1 (dashed).
The second plot shows that the curves of A1l and D1 coincide until t = 7.

will investigate to which extent we can verify the order of temporal accuracy of a case that undergoes a
transition to fully developed turbulent flow. For this purpose we performed simulations A1-4, performed
with time step reduction of a factor 2 in consecutive cases. In simulations A1-4 (and A1lS, A3R, C1)
the pressure at the end of a time step (¢"*!) is identified with the pressure obtained in the first stage
of the next time step t"t19. However, simulations B1-4 were performed with the usual approach, the
identification of the pressure at time t"*! with the pressure computed in the last stage of the time step
t™2. For a quantity ¢ computed in three simulations with time steps At, At/2 and At/4, resulting in
q1, q2 and g3 respectively, we define an approximation of the order of accuracy by

Q =sign[(q1 — q2)/(q2 — ¢3)] x *log|(q1 — q2)/(q2 — g3)|- (54)

If the truncation error of ¢ is proportional to (At)?, then @ equals 3. Figure 5 shows @ for 2 quantities
and 4 triplets of simulations, (A1, A2, A3), (A2, A3, A4), (B1, B2, B3) and (B2, B3, B4).

Fig. 5a shows @ obtained for the quantity ¢(t) = (u),(t). Since the simulations only differ with
respect to the interpretation of the pressure, results of series A and B coincide in Fig. 5a. For very short
times @ =~ 3. Around t = 0.1 we see negative @) for a very short time. Negative or very large values often
indicate the change of the ordering ¢; < g2 < g3 < g4 to the ordering ¢; > g2 > q3 > g4, or vice-versa.
This was also the case at t = 0.1. For ¢ > 0.1 the order of the method appears to be around 2. For ¢ > 1
the behaviour of ) shows more noise, probably because temporal and spatial truncation errors start to
interfere when the flow becomes turbulent. For this reason @ is not shown for ¢ > 2.

Fig. 5b shows @ obtained for a quantity based on the pressure, q(t) = Rp,(t). It clearly indicates
that the temporal order of accuracy of series A is higher than of series B. The value Q(R,),) for series A
is about 3 for ¢ < 0.1, almost 2 for ¢ < 0.35, then increases to a higher value again. The conclusion is
that the pressure in the present projection method is indeed second-order accurate in time. However, the
results for series B in Fig. 5b (Q(R,,) ~ 1) show that the conventional method, in which the pressure
at the new time level is identified with the pressure computed in the last stage of the time step, is only
first-order accurate, see also Ref. [14].

In the simulations presented in this paper the velocity on I' did not depend on time. However, short-
time simulations of cases Al-4 modified for time-dependent velocity on the walls were also performed.
For a time dependent tangential velocity component on the walls, the temporal accuracy of the pressure
remained second-order. However, for a time-dependent normal velocity component on the walls, the
pressure was found to be only first-order accurate in time. If the normal component of the velocity on a
Dirichlet boundary condition is time dependent and the continuity equation is rewritten as an equation

17



e —~ -~ A A A
A 2 T w O B
v 0 o of ) a A £
~ = o o A
a % ¢} R
1 2 1 LN A ¢4
A
Q2 (e} 5
L A
2 s 2 1
» o @ s
Ao
o
a
3 4 3 aa o
a 00 A o
patl 2
4 4 % L ©
°
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

Figure 5: Convergence ratios Q((u)-) (a) and Q(Rpp) (b) for simulation triple (A1, A2, A3) (small circles), (A2, A3, A4)
(large circles), (B1, B2, B3) (small triangles), (B2, B3, B4) (large triangles).

with unknowns at the left- and known quantities on the right-hand side, then the right-hand side depends
on time and this usually leads to reduction of the temporal order of the pressure, see Ref. [14] and the
discussion on differential algebraic equations in Ref. [7], section 3.16.

5. The pressure gradient near the wall

5.1. Comparison of NS, PPE1 and PPES3

In this subsection results are presented for the discrete PPE1 and PPE3 systems and compared with
results of system NS. PPE1 and PPE3 have been implemented (a) to show, by comparison with PPE1,
that the PPE3 condition of zero divergence of the velocity Laplacian near the wall is essential, (b) to
verify the discrete equivalence between PPE3 and the projection method proven in section 3, (c) to
show that the effect of the accumulation of precision errors on the divergence in PPE systems that use
an exact solver for the Poisson equation is negligible, and (d) to compute the physical value of dp/dy
on the wall, which naturally appears in PPE3. It is remarked that the outcome of (¢) is not evident,
since in contrast to the projection method, zero divergence of the velocity in a PPE system relies on
the induction principle, as explained in section 3. To know the physical wall value of dp/dy can be
important in applications, for example if the solution is used to track the motion of Lagrangian particles
that depend on the pressure gradient force, which requires accurate interpolation of the pressure gradient
at any particle location. However, the purpose of the present implementation of PPES is to illustrate the
theory in section 3 and certainly not to provide a practical alternative for the more convenient projection
method. If desired, the latter can be extended with a computation of the physical wall value of dp/dy
provided by PPE3 (see section 3.3).

The equivalence of the discrete versions of PPE3 and the projection method is demonstrated by Fig.
4b, where the curves of D1 and Al coincide up to t = 7, and by Fig. 6a, which shows that the absolute
velocity divergence remained below 107% in case D1 for an extended simulation time (until ¢ = 100).
Since the flow is turbulent, equivalent methods do not necessarily show the same time dependence.
Indeed, Fig. 4b shows visible deviations between A1 (projection method) and D1 (PPE3), but only after
t = 7, when the flow has been turbulent for some time.

The catastrophic growth of the divergence in simulation C1 (Fig. 6a, logarithmic scaling of both
axes) demonstrates that the near-wall condition of zero divergence of the velocity Laplacian, which is
missing in PPEL, is a crucial feature of PPE3. Comparison of cases D1 and Al in Fig. 6a shows that
the accumulation of divergence round-off errors in case D1 remained negligible.
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Figure 6: (a) Maximum |V - u| as function of time for simulation Al (projection method, solid) and C1 (PPE1, dashed)
and D1 (PPE3, dotted). (b) Normal component of the pressure gradient on the walls for simulation D1: ({(9p/dy)3) —
(Op/0y)2)/2 (solid) and (Op/dy) (dashed).

The no-slip condition u = 0 on I" implies —u - Vu = 9u/dt = 0 on I'. Thus convective and time
derivatives in the definition of the Neumann pressure boundary condition vanish. In addition f, = 0 in
this case, such that the wall boundary condition for the pressure Poisson equation in PPE3 reduces to

op/0y =vV*v  on T. (55)

Fig. 6b shows the average and rms of the physical value of dp/dy on the walls, defined with respect to
the operator (.) (on the walls an average over the periodic directions and the two walls). The rms value
is nonzero, but the average is zero. The latter is consistent with the averaged Navier-Stokes equations
for this case, since the continuity equation implies < v >= 0 in the entire domain, and therefore Eq.
(55) implies (Op/dy) = 0 on the wall.

5.2. Short-time near-wall behaviour

In this subsection the discontinuity of the velocity acceleration at ¢t = 0 is considered in more detail
for the channel flow case. Each component of the velocity acceleration vector consists out of 3 non-trivial
contributions, convective (—u - Vu), pressure gradient (—Vp), and viscous term (vVZu). The fourth
contribution is the trivial force term f, which is 1 for the streamwise component and 0 for the other
components.

Profiles of the magnitude of the three components of the convective term at ¢t = 0, ¢ = 0.004 and
t = 0.02 are shown in Fig. 7a. The time-dependent magnitude of a quantity c is defined by (02>1/ 2, which
is a function of y and ¢t. Due to the no-slip condition and the multiplication with u in the definition of
the convective terms, the magnitude of the convective term tends to zero if the wall is approached. The
magnitude of the pressure gradient vector, shown in Fig. 7b, does not tend to zero for y — 0, but it
appears to be smooth in space and also in time, since the profiles for the three distinct times are close
to each other.

Profiles of the three components of the viscous term are shown in Fig. 8. In contrast to Fig. 7, we do
see a strong effect within a few time steps, but only for the tangential components (note that the scale
on the vertical axis in Fig. 8b was divided by 10). We define the wall values of these quantities as the
limits from the interior, also for ¢ = 0, since the initial velocity is a smooth function of x by definition.
Thus we can conclude from Fig. 8 that, on the wall, the Laplacians of the streamwise and spanwise
velocity components are discontinuous functions of time at ¢ = 0. In contrast to the Laplacians of the
tangential velocities, the Laplacian of the normal component does not display discontinuous behaviour.
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Figure 7: Short-time behaviour of (a) convective terms {(u- Vu;)2)1/2, and (b) pressure terms ((8p/dx;)2)/2, for stream-
wise component ¢ = 1 (circles), normal component ¢ = 2 (squares), spanwise component ¢ = 3 (triangles). Profiles are
shown for ¢t = 0 (solid), ¢ = 0.004 (dashed) and ¢ = 0.02 (dotted). Simulation A1l (symbols) and simulation A3R (lines).

The total acceleration of the three velocity components is shown in Fig. 9. The behaviour is consistent
with Figs. 7-8. Since by definition du/dt is zero on the wall, the tangential components appear to be
discontinuous functions of y at y = 0 and ¢ = 0. It is not possible to extend du/dt (nor dw/ot) to a
continuous function in space and time; the space-time limit approaching a point on the wall at t = 0 does
in general not exist, because according to Fig. 9 the limit at ¢t = 0 (y — 0) differs from the limit at y = 0
(t — 0), which is zero by definition. However, for ¢ > 0 the discontinuous profiles have evolved into a
smooth profiles by viscous diffusion. The discontinuous behaviour at ¢ = 0 is caused by the fact that no
pressure can be obtained that satisfies the momentum equation on the wall in all three directions at ¢t = 0,
not for the present initial condition, nor for any other initial condition that can easily be expressed into
simple analytical functions. However, the normal velocity acceleration appears to be continuous on the
wall at ¢ = 0. That continuity is observed in the normal direction, but not in the tangential ones, shows
that the solution still satisfies the normal momentum equation if not all three momentum equations can
be satisfied on the wall. This confirms that in case a component of the momentum equation is used to
derive a pressure boundary condition for Poisson equation (4), this should be the normal component and
not one of the tangential components, see Refs. [5, 7, 16].

5.3. The near-wall limit in the turbulent regime

The statistical near-wall behaviour of the pressure gradient and the sum of pressure and viscous
terms in the turbulent regime is shown in Fig. 10. Results are shown for simulation Al and the refined
simulation A3R. The magnitude of each component of the pressure term (pressure gradient) appears to
converges to a nonzero value on the wall. The magnitude of the sum of the pressure, viscous and force
term converges to zero on the wall, for each component. This indicates that in each direction the nonzero
pressure gradient is balanced by a nonzero viscous plus force term on the wall. In addition it was verified
that the magnitude of the convective term approaches zero in the near-wall limit. Therefore, Fig. 10b
indicates that in the turbulent regime du/0t is continuous in the near-wall limit. In other words, in the
turbulent regime each component of the momentum equation is satisfied on the wall.

5.4. H1980 and HR1982

The results shown in the previous two subsections indicate that the computed velocity satisfies the
regularity of the solution described in H1980 (see Introduction). First, the velocity appears to be smooth
for 0 < ¢ < T in the interior of the domain (2). Second, the velocity is continuous at ¢ = 0 and on T
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Figure 8: Short-time behaviour of viscous terms ((vV2u;)2)1/2 for (a) i = 1, (b) @ = 2, and (c) 4 = 3. Profiles are shown
for t = 0 (solid), t = 0.004 (dashed) and ¢ = 0.02 (dotted). Note that the vertical scale in (b) is 10 times smaller than in
(a) and (c). Simulation A1l (symbols) and simulation A3R (lines).
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are shown for ¢t = 0 (solid), ¢ = 0.004 (dashed) and t = 0.02 (dotted). Simulation Al (symbols) and simulation A3R (lines).

pressure term
pressure + viscous + force term

Figure 10: Near-wall behaviour in turbulent regime, magnitudes ( g Y1/2 for (a) q; = —8p/dz;, and (b) ¢; = —8p/dz; +
vV2u; + f;. Simulation Al (symbols) and A3R (solid). Streamwise direction i=1 (circles), normal direction i=2 (squares)
and spanwise direction i=3 (triangles).
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Non-smoothness is also observed; the tangential components of du/dt are discontinuous in space and
time on I' at t = 0.

In fact, the numerical solution seems to obey even stronger regularity than described in H1980: (a)
The normal component of the time derivative and all components of the pressure gradient look smooth,
both in space and time on [0,7) x Q, which includes both ¢ = 0 and T'; (b) All quantities, including
the tangential components of du/dt, seem to be smooth in time at ¢ = 0 in the interior of the domain;
time discontinuity occurs only on the walls; (c) The velocity and pressure display spatial smoothness for
0<t<T,alsoonT.

As an illustration of HR1982 (see Introduction), we consider the convergence of the pressure in the
limit of ¢ — 0 in more detail. Figure 11 shows the behaviour of the Ly-norm and L.,-norm of Vp — Vp°
for small times. Both norms tend to zero if ¢ — 0. This result supports HR1982, but does not support
Lemma 3 in Ref. [8]. In fact, HR1982 claimed convergence in the Lo-norm, while the numerical result
suggests stronger convergence, in Ly and in L. Like results in previous subsections, this result was
validated by grid refinement; Fig. 11 shows very similar curves for simulation Al and refined simulation
A3R. The Ly-norm of a vector g = (gz, gy, 9g-) that is discretely available at staggered locations is an
approximation of ([ g2dx + [ g2dx + [ g2dx)'/2, where the first and third integral are approximated
with midpoint and the second integral with trapezoidal integration over the domain.

In HR1982, p° is defined as the solution of the pressure Poisson equation at t = 0 with a boundary
condition for the normal component of the pressure gradient. It is also possible to solve the pressure
Poisson equation at t = 0 with a tangential component of the pressure gradient prescribed on I'. Say
that ¢" is the solution for a tangential boundary condition. A numerical example in Ref. [8] shows that
in general ¢° # p°. Then the logical consequence of HR1982 can only be that in general Vp does not
converge to Vq° if t — 0.

6. Conclusions

We considered an explicit projection method for the incompressible Navier-Stokes equations with no-
slip walls, discretized on a staggered grid. The method was analyzed and used in simulations to address
several issues related to the formulation of the wall boundary condition for the standard pressure Poisson
equation (PPE), V?p = V- (—u-Vu+f). Three research questions were formulated in the Introduction
and the answers to these questions are presented below.

The first question was whether the standard pressure Poisson equation with Neumann boundary
derived from the normal component of the momentum equation, dp/0n = n- (vV?u+f—u-Vu—0ou/ot),
could be made consistent with the Navier-Stokes equations. It was shown that if the requirement that
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V - V2u = 0 is zero near the wall is added to the system, the PPE problem is equivalent to the Navier-
Stokes equations for sufficiently smooth solutions, without the need to introduce Green’s functions. This
PPE system was called PPE3.

The second research question was which continuous PPE system is in discrete form equivalent to
the staggered projection method. An answer would clarify the relation between PPE systems on the
one hand and the staggered projection method on the other hand. Such a clarification was desirable
since the term pressure Poisson equation is often used to describe the pressure equation solved in the
staggered projection method. Two discrete PPE systems were found to be equivalent to the staggered
projection method: above mentioned PPE3 and a system which uses a seemingly vanishing viscous term
on the right-hand side (PPE2). Thus PPE3 had several theoretical purposes. Apart from providing an
answer to the first research question, PPE3 turned out to be useful to clarify the relation between the
projection method and PPE systems, to clarify the so-called PPE paradox by a discrete analysis, and to
derive the physical wall value of dp/dn implied (not required) by the projection method.

The third research question was about the near-wall behaviour of a solution of the Navier-Stokes
equations, for all ¢, but in particular for ¢ — 0. This topic was considered because the Neumann
condition for the PPE can only be valid in combination with appropriate regularity of the solution of the
Navier-Stokes equations near and on the wall. Direct Numerical Simulation of turbulent channel flow at
Re,=180 was performed, starting from a precisely prescribed smooth initial condition. The staggered
projection method, which is known to be equivalent to a direct discretization of the Navier-Stokes
equation (no pressure boundary condition), was used in the simulation. Numerical inspection of the
separate terms of the momentum equation in the near-wall region indicated that the three components
of the momentum equation were valid on the wall for ¢ > 0 (verified for short times and in the fully
developed turbulent regime). In the limit ¢ — 0, the pressure gradient appeared to converge to the
initial pressure gradient in the Ls-norm, which confirmed a disputed theoretical result in literature. The
numerical results also indicated stronger regularity than claimed by existing theorems. Even in the
maximum norm, the pressure gradient appeared to converge to the initial pressure gradient. In fact the
only discontinuities observed in the simulations were discontinuities of the tangential viscous terms and
the time derivatives of the tangential velocities on the wall at t = 0.

Acknowledgement

An example of an initial perturbation for turbulent channel flow, similar to the one used in this
paper, was kindly provided by N.D. Sandham. The author is grateful to J.G.M. Kuerten for interesting
discussions about numerical methods and to the Reviewers for useful comments.

Appendix 1: Extrapolation coefficients

The coefficients of the fourth-order extrapolation Eq. (21) are specified here. For brevity the center
grid locations y. ; are denoted by y;. For a wall located at y = 0, the coefficients are

Bi = (s1190 + s12¥5 + 513Y8) /5, (56)
B2 = (s0190 + S22Y3 + 523Y3) /5, (57)
Bs = (s31yo + s3295 + 833Y0)/Ss (58)
where s;; is given by the matrix
vays(ys —y2)  y2ys(y3 —u3)  veys(ys — y2)
vavi (v —ys)  ysyi(yz — i) wsui( —ws) | (59)

Viys(y2 —y1) yiye(yf —v3)  vive(y2 — 1)

and
s = y1y2y3(y2ys(ys — y2) + Y3y (y1 — y3) + v1y2(y2 — v1))- (60)

For completeness coefficients for lower order extrapolations are also provided:

B = Yo(y2 — o) yo), B2 = Yo(¥1 — o) y0)7 B3 =0, (61)
Y1 (y2 - yl) y2(y1 - Z/z)
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for a third-order extrapolation, and 81 = —yo/(y1 — yo0), B2 = B3 = 0, for a second-order extrapolation.
For the example given in Table 1, this second-order extrapolation with yo given by Eq. (14) produces
the same results as Eq. (21).

Appendix 2: Proof of statement (46)

In this appendix we prove (46), which states that D -b™™ =0for 2 < j < N—-1if D-u™™ =0 for
1 < j < N. For brevity, we omit the superscripts m,n and write the components of b as

by =vByu, by=vByw, b,=vB,w, (62)

where B,, B, and B,, refer to the discrete Laplace operator at staggered u-locations, v-locations and
w-locations, respectively, for example B,, = By » + By,y + By,.. In addition we define a discrete Laplace
operator on center locations, B. = B, , + B¢, + B. .. On Cartesian grids, the following is true for cell
centers that are not adjacent to the wall (2 <j < N —1):

Db = D;By,u+ DBy, u+ D.B,  u+
DyB, v+ DyBy v+ DyB, v +
D.By sw+ D,Byyw+ D, By, ;w
= BczDyu+ BeyDzu+ B, Dyu+
Be.Dyv+ B.yDyv+ B.,Dyv +
Be.D.,w+ B.yD,w+ B..D,w
= B.D-u). (63)

The nontrivial part here are the nine ’commutations’, for example
DyB, v = B.,Dyv, (64)

which is not really a commutation, since the operator B, , is not precisely the same as B.,. To show
the validity of (64), we write

1 1 rvjp—v; vy —v5 1 Uj —Uj—1  Uj—1 — Vj—2
DBUv=7[7(]+ - : )_ (J — ’ )}
Y Y hc.,j hs,j hc7j+1 hc,j hsvjfl hc,j hc’jil
171 1
= : [7 ((Dyv)j—H - (DyU)J) - ((Dyv)j o (Dyv)j_lﬂ
Rej Lhs hsj—1
= BC7yDyU. (65)

Similarly, one can derive Dy By, o = B¢ 3Dy, DyByy = BeyDy, etc. f D-u=0for 1 <j < N, Eq. (63)
implies that D-b=0for2<j; < N —1.
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